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ON THE AVERAGE OF THE GENERALIZED TOTIENT 
FUNCTION OVER POLYNOMIAL SEQUENCES 


J. CHIDAMBARASWAMY 
Department of Mathematics, The University of Toledo, Toledo, Ohio 43606, U.S.A. 


(Received 22 April 1987; after revision 2 February 1988) 


kn kn (n) . 
Let ¢. (n) = - 1 >) f%, U2; +5 fey Us be the generalized totient function; 
Ix 1 


here f; = f) (x), ---, fs = fs (x) are integer coefficient polynomials of 
Positive degrees , 7 = y(n) an arithmetical function, and u, lo, «+» Us and 
k are positive integers and tf = u; + u, + -- + us. In this Paper, asym- 
ptotic formulas for 


z keen 
foo£0 o, (| f(@) |) and cas *r ie 
f(n)F0 f (njkt 
f = f(x) being an integer coefficient polynomial of positive degree A and 
with positive leading coefficient a,, are obtained under the assumption » () 
=| O (n*), O< € < I/h. 


1. INTRODUCTION 


Let ¢ (n) be the Euler totient function and /f (x) an arbitrary integer coefficient 
polynomial of positive degree / and positive leading coefficient a1. Shapiro’ proved 
in his book (p. 175-80) that if f(x) has no multiple roots and f(n) > 0 forn > 1, then 





b(f(m)) _ 
tinal abe oe + O (log* x) (153) 
nSx 
and 
Sy ¢(f(n)) = ri xi) 4 O (x4 log* x) ati.2) 
nSx 
where a is given by 
(a) Pr (n) ae 
a >) Tice ager ° ( ) 


In (1.3) » (n) is the Mobius function and Ps (n) is the number of incongruent solutions 


mod n of 
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...(1.4 
f (x) = O (mod n). (1.4) 
The purpose of this paper is to extend the above results to the generalized totient 
function on (n) introduced in Chidambraswamy?. 


We recall that, given a integer coefficient polynomials ff =/; (x) of positive de- 
grees for 1 < i  s, the arithmetical function » = » (n), the positive integers ah 
u, with t =u, + u, + ... + u,, and the positive integer k, the arithmetical function 


Be gbEe rey: ; 4 () = $¢;"(n) is defined by 
19 1» 29 29-++3' go gs 
k sn 
bp (d) 
é:” (ny =n” S (1.5) 
d|n 
where 
pe” (n) = p(n) (n) Or (n') ..-(1.6) 
One P; (n) Pp; One P, (n) (1.7) 


it being understood that for any arithmetical function A (n), A™ (n = (A (n))™. 


The function $7", (n)(s = 1), 1 = I(n) being the function defined as / (n) = 1 for 


? u . . . . 
all n, has been studied in Chidambaraswamy? and this function includes, as special 
cases, ¢(n) and its various generalizations. In fact, 


gi (n) = ¢ (n), tna (i) =" J. (n), 


$23 (n) = dx (n), by! (n) = br, (0), 
» 
where J,, (7) is the Jordan totient function of order u; Dickson‘ and ¢, (n) and os, (n) 


are respectively the generalizations of ¢ (n) introduced. by Cohen’ and Menon‘. The 


function Sel (n) = ¢u,, (”) is introduced by Venkataraman and Sivaramakrishnan’; 
here the function p, = p, (n) is definedae yp, (n) = 


exp (i 7 w (n)/,) or zero according 
as n is or is not squarefree, w (n) being the number o 


f distiact prime factors of n. 

Let B = DD, D, ... D, where D is the g.c d. of the coefficients of f and D, for 
1<i«€s is the g.c.d. of the coefficient of fi and let P be the largest prime factor of B 
in case B > ». Let H be the maximum of the degrees of f (x), f, (x), ees fs (xX) and let C 
be taken asH or max {H, p} according as b = lor B < 1. Then it is not hard to see 
that 


Pr, (SCL IL Sis; p, ()<C .»-(1.8) 
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for all primes p. We shall write Z for C‘t!, We shall prove the following theorems. 


Theorem 1—Let f (x) be an arbitrary integer coefficient polynomial of positive 
degree A and leading coefficient a, > 0. Then, ify (n) = O (n),0 ce < I/h, 


o.° (1f@) 1) 
nx 

f (n)F0 

where 
kyn 
= pp (n) Ps (n) 
and 
Cia wet 
E(x) = a ‘ines fothenl) 


Theorem 2— Under the hypothesis of Theorem 1, 


hkt+1 
3 ee" 1f(@) |) = A ak’ eo + E; (x) ath 2) 
nSx 
f(n)A0 
where 
Oa teal 113 
ae | O (xtkit0h (log x)£), t = 1. --s(1.13) 


2. PROOFS OF THE THEOREMS 
Lemma 1—If y(n) = O(n)),0 <e <1, 


kyn 


a Lad 3 (n) Py (n) 
the series A = 33 —jaai converges absolutely. 
n=1 


Proor : Since for arbitrary integer coefficient polynomial g = g (x), Pg (n) is 
a multiplicative function of n, i. e. Pg (mn) = Pg (m) =P,(n) whenever (m, n) = 1, and 
since, for prime powers p*, Pz (p*) < p*~* Pg (p) 


we have, by (1.8), for square free integers n 
Pr (n*) Sn 1 CH, 1 Sic s; Pe (n) << OM™ (2.1) 


Thus for such integers n by (1.7) and (2.1) 
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win) 
Or (n*) Ps (n) < ni (C't?) ==: abated Ae Pd')) bana) 
log L log L 
] log 2 he chi 
Now, since L¥™) = Qviny °° : < un) -"” , + (n) being the number of positive divi- 


sors of m and since t (mn) = 0 (n®) for every 6 > 0 we have forevery 6 > 0 by (2.2) 
and (1.6) 


| we” (n) | Pr (n) 
Cee) 
and the lemma follows since ¢ > 1. 
Lemma 2—For each positive integer m, 


D> mv") = O (x (log x)""). 
nx 


Proor : We use induction on m. The result is obvious for m = 1. 
Assuming the result for m and observing that 


(m + ] wi") <= bd p? (d)m"(4) < > mv(4), 
din din 


nx d§<x dsSx 


we have 





= O (x (log x)”, where in the last step we used inductive hypothesis and partial sum- 
mation (Theorem 4.2 of Apostol’) 


. 


Lemma 3—If Py (n).= max {1, P; (n)} and y(n) = O(n), 0 <e <1 


lee” (n) 1 Pr (n) 
> eri = O (x-'** (log x)£-})) eetacs) 


n>x 





| kya — 
n&x : OM) tS 1 yo 
Proor : Since for square free integers n Py(n)< 


z Cc»), we have for such integers 
n ps (n) < Cwm), 


Hence, by (2.2) (with Pp, (n) in place of Py (n)) and (1.6) we get 
ie (n) | Py (1) = O (nlite Ln), 


Now an application of Lemma 2 and partial summation give Lemma 3. 
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Proof of Theorem 1—Let X > 0 be so chosen that (1) f(x) > 0 and increasing 
and (2) 





tee xh f(x)< ak x, forx > X. ¥ (2.5) 
We have, 
oe" 1 f@) 1) oe (n)) 
» IF @ | eee Fore oS 
f (n) #0 
and this by (1.5) is 
pie"(d) 





ae 0) 
X<nex dif(n) 


ky ‘ 
Ba) (a) 
a sy a ( » 1) + 00) 
d<f(x) X<n<x 


f (n) = O (mod d) 


bed) i 
» ae (C7) Pr (a) 20 (Pr) + O(D} +0 (1) 
d<f(x) 


and this by Lemma | is 


ky” 


Ax +O ( > ss o oe sl ) 
d> f(x 


\| 


| w,” Cd) | Pr ) | 
+ o( po )+ om 
d<f) 





i 


Ax + O, + O, + O()), say. 
Now, by (2.5) and Lemma 3, we get 


| v2" (n) | Py (n) 
a Sa) 
2ap, 


— h 
> 
hie 3 


= O (x Ai-9 (log x)*’) 
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and similarly, 
O, = O (x"* (log x)£) or O (1) 
according as ¢ = 1 or tf > | and the proof of the Theorem | is complete. 
Proof of Theorem 2—Let the positive integer X be chosen that f (x) > 0 and in- 


creasing on [X, cc). Writing S (x) for the L.H.S of (1.9), we have 


S @asop= Sse em+ om 
n<x X<nSx 
f(n)A0 


[x] 
= = f(m" {S (m) — S(m— 1)} + O(1) 


[x]—1 
=— ES S(m) (fm + I)! — f (my 


+ S (Ix) f(x)" + O (1). ...(2.6) 
Now, since 
S ([x] = A [x] + E ([x)) 
= Ax + O(| E({x] | ), 
and 
f (xp! = ak x6 4 (htt) 
we have 


SRDS (ED = A ay x41 + O( | E (ix) | x8), ute oe 


Further, we have 


[x]1-1 
a S(m) {f(m + 1)" — f (m)™} 


m=X+1 


[Xx]—1 
= 2 {Am + E(m)} { f (m + 1)" — f (m)*} 


m=X+1 


[x]—1 7? 
=A 2X m {fhkt a, mat 4.0 (m**-2)) 


m=X+1 


[X]—1 
OC 2 LE Gan {f(m + 1) — f (m)**}). -+-(2,8) 


m=X+1 


Now, since 
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[a}~-1 “ ; O(xa™+0 (log x)£), t = 1 
ede | E (m) | {f(m + 1)" — f (m)*} = | O (xt), t > 1 ...(2.9) 


and since for u > | 


xutl 
S ne) == “a0 a C(x"). 


nx 


Theorem 2 follows from (2.6), (2.7), (2.8) and (2.9). 


Remark : In the special case of the Euler totient function ¢ (n) (in fact, in the 
case of ¢x (1), Jz (n) and ¢,, (n)) we have s = 1, fi (x) = x, € = 0, Or (n) = 1. If 


f (x) is primitive, we can take C = h and the error terms in Theorems | and 2 will be 
the same as those of (1.1) and (1.2). 
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A NOTE ON JORDAN’S TOTIENT FUNCTION 


S. THAJODDIN AND S. VANGIPURAM 


Department of Mathematics, Sri Venkateswara University 
Tirupati 517 502 


(Received 21 September 1987) 


Jordan’s totient function J; is a genaralization of the Euler’s totient function 
¢. In this paper, the norm of this Jordan function and that of its conjugate 
have been obtained. Some interesting congruence properties of J; have also 
been obtained. 


A generalization of the famous Euler’s totient function is the Jordan’s totient 
function defined by 


J, (n) = n* I (1 — p *). 
pin 


We define the conjugate of this function as J, (n) = n* TI (1 + P~*) which is 
+ ee p\|n 
introduced as ,generalization of Dedekind /— function by Suryanarayana®. 


Following the techniques employed by Menon! and Sivaramakrishnan?, we have 
obtained in this paper the norms of the functions J; (n), Jk (n), $(n), $ (n), J An); 
¢~' (n) and established some interesting relationship among them. 


We have also obtained some interesting congruence properties of J; (n). 


Definition 1 — The norm of a multiplicative function fis the arithmetic func- 
tion M ( f ) defined by M(f) (n) = T J (n’/4) d (a) f (d) for all n. The norm defined 
ne 


above has been proved to be a multiplicative function and further, if f, g are multi- 
plicative then M (f* g) = M(f) * M (g). ; 


Theorem 1\— M (J,) = M (Ji). 


. PROOF : We know that J, =  « Ng, where » is Mobius function and N;, is an 
arithmetic function defined by Nx (n) = nk, 


M (Jk) — M (pu) * 


M i eee ; 
and «>0, (Ne), since » and Ny are multiplicative. If pis any prime 


M (Jk) (P*) = ae M (u) (d) M (N;) (p*]d) 


(equation continued on Pp. 1162) 
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= M («) (1) M (Nx) (p*) + M (u) (p) M (Ne) (P*-?) 
+... + M (p) (P*) MN, (1) (1) 
M (pv) (1) = 1 
M (Ne) (P*) = Ps 
M (u) (P) = (-1) 
and 
M (Ny) (P®-1) = PROD 
M (u) (p*) = 0 for «>1. 
Hence (1) reduces to 
M (Jk) (P*) = P* — p%o-v4 
= Je, (P%). 


1 
f 


Y 
Thus if n= TIIP 


t=1 


then 


mon) (tre )= nc (27) 


Hg na LG Ld 
~ ita (87) = Ju ( Het) 
fea | 


f=—1 
= Jox (n). 
Je = M« Ny. 


For any prime p, and « > 0, 
M (Ju) (P*) = ip _M (A) @) M (Nx) (P*/d) 
p 


= M (A~*) (1) M (Nx) (P*) + M (A) (P) M (Nx) (P*-?) 
+... + M (A7) (P*) M (Ne) (1). 
M (A) (1) = 1. 
M (N;) (P*) = P2**. 
M (A~') (P) = (—1). 
M (Nx) (P*-1) = P2e-DE, 


It can be easily seen that M (A~!) (P*) = O fora > 1. 
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Thus 
M (Js) (P9*) = Pt Rea 
= Jo ated > 


Consequently, M (Jx) (n) = Jox (n), thus we see that M (Je) = M (Jk) = Sox. 


The following theorem is an immediate consequence. 
Theorem 2— M (¢) = M(¢) = J., | where d = J, |. 


Theorem 3— (1) M (J;")(n) = JR (n), 2) M (6-1) (n) = J (n). 
Proor : (1) we have J;* = p Nx * u, so that 


M( J = M (pN,) © M (uv). 


If P is any prime, and « > 0, 


then 
M(J;* ) (p*) = EM (ue) (d) M (u) (PP/d), 
d|p 
Since 
M (uNx) (1) = | 
M (u) (p*) = 1 
M (uNs) (Pp) = (—p*), 
M (Wu) (p*) = 1 
and 


M (uN) (p*) = 0, for « > 1, it follows that 


es ) (pt) = 1 =p = 3 (pr), 


Also J, being a multiplicative function implies that J,’ is also a multiplicative 
function. 


Hence we obtain (J; ) (n) = J,, (n). 


Simillarly, it can be easily deduced that M (¢-) (n) = Seats): 
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Theorem 4— J, (n) is even if and only ifn > 3. 
Proor: J, (1) = 1 
J, (2) = 2*—1 = 1 (mod 2). 
Hence J; (n) is odd if n & 2. 


Let nm > 2 and let 


For any odd prime p, we have, 
Ji (p®) = pO (p* — 1). 
Now since p = | (mod 2), p* = 1 (mod 2). 


Hence J; (n) = O (mod 2) if m has some odd prime factor. Also, if n has no 


odd prime factor i.e., if m = 2%, 
Jy (2%) = 2-10" (2* — 1) = O (mod 2). 
It follows therefore that for m > 2, J; (n) is even. 


Theorem 5— J; (n) = O (mod 3) if and only if atleast one of the following three 
conditions is true : 


(1) 3°/n 
(2) P; = 1 (mod 3) for some i 
(3) P; = 2 (mod 3), for some i, with «; even 


where P; is some prime factor of n. 


teu 
Proor: Letn = It p, : 
i= 


If 3? | n, then J, (n) = O (mod 3). 
If P; = 1 (mod 3) for some P; | n, then Pr = 1 (mod 3). 


Hence 


t 


Ji ies ) we Pe TOE (r! ~ 1) = O (mod 3) 
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If P; = 2 (mod 3) then Pe = | (mod 3), if k is even, so that JE ey ) =0O(mod 3) 
in this case also. 
This proves the if part. 

Conversely, J; (n) = O (mod 3) implies 


j=) 


Y - . . . 
Tie & ( 2," ) = O (mod 3) (since J () is multiplicative). 
Hence 


J, iva ) = 0 (mod 3) for some P| 7. 


This means 3 | P; or 3| (Pi—1) or3|(1 + P+... + P*-?), thus P) =O (mod 3) => 
32/n as 3 } J, (3) or P:) = 1 (mod 3) or3|(1 + P+... + Pe). If 3 f Pr and 
3 } (P: — 1) then 3 | (1 + Py) and3|(1 + P+... + P*-?) and this is possible only 
when K is even. Hence if 3 } P;, 3 } (P: — 1) then 3 | (Pi + 1) and K is even. 


Hence the Theorem 


We have the following corollary at once from the above two theorems. 


Corollary 6— \f K > 1, Jk (n) = O (mod 6) if atleast one of the following 
three conditions is true : 


CEESse} a, 
(2) P; = 1 (mod 3), 
(3) P; = 2 (mod 3), k is even 


where P; is some prime factor of 7. 


Theorem 7— J; (n) = O(mod P) where P is any prime number if one of the 
following conditions is true. 


(1) P? |n 
(2) Pi = 1 (mod P), where P; is some prime factor of n. 
Y gh 
Proor: Letn = aL P. be the canonical representation of n, then 
Re be 
Ji (n) = Tl (2, 
“1 . 


If P? | n, then P = P, for some i and correspondingly «; > 2, 
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Consequently 


in eA ) = page (?! =) ) 
= P(*,-1* (P* — 1) = O (mod P) 


(a, a 1 = 1). 
On the other hand, if 


P; = | (mod p), then P;* = | (mod p), 


so that Jz ( 7," ) = O (mod p). 


Hence J; (n) = O (mod p) in either case, establishing the theorem. 


REFERENCES 
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SOME APPLICATIONS OF ARCWISE CONNECTED FUNCTIONS 
FOR MINIMAX INEQUALITIES AND EQUALITIES 


Suri RAM YADAV* AND R, N. MUKHERJEB 


Department Applied Mathematics, Institute of Technology 
Banaras Hindu University, Varanasi 221 005 


(Received 19 March 1986; after final revision 25 A pril 1988) 


Some interesting applications of arcwise connected functions, whose pro- 
Perties were discussed by Singh (J. Optimization Theory Applic. 41 (1983), 
377-87) are given in the area of minimax inequalities and equalities in the 
present note. 


$1. Singh* discussed some elementary properties of arcwise connected sets and 
functions. The purpose of the present note is to study some of the nontrivial applica- 
tions of arcwise functions in the area of minimax inequalities and equalities. In this 
context it is to be observed that the arcwise connected Property infact is a generaliza- 
tion of the convexity with regard to sets and functions. 


§2. Definition 2.1—The set ¥ C Ris said to be arcwise connected (AC) if, 
for every pair of points x, x? in X, there exists a continuous vector-valued function 
H , ,, called an arc, defined on the uwuit interval [0,1] C R with values in Y such that 


x > 


H , 2 (0) = x’ and Hy 2 (1) = x?. 


For any positive integer k, we let 


I* = (a, ..., ax): 0 Sa<l: 


> 


i.e., J* denotes the kth dimensional unit cube. Further let /; 


denote the ith unit vector 
in J", i.e., 


y= (0, te 0, i; 0, tees 0); 


i.e., the ith component of e; is 1 and all other components are zero. 
The following Proposition is given in Singh’. 


Proposition 2.1—Suppose ¥ C 


R”, then X is AC if and only if, for an osit 
integer k and x}, x*, .., xk in X, th y positive 


ere exists a continuous function H : : 
defined on J‘ such that Fo Wy ry 


*The work supported by Senior Research Fellowship of C.S.LR. 
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Ai 2 PCAs aay ps ee en 

Definition 2.2—Let X C R" be an arewise connected set, and let f be a real- 
valued function defined on Y. We say f is arcwise connected convex (CN) if, for 
every x’, x° € X, there exists an arc H , » In X such that 


+ * 


tf Uh. 2 (0)) < (1 — 6) f (x!) + of (x*), for all 6,0 < 0 <1, 


We have similar definition for arcwise connected concave function. 


In view of Proposition 2.1 we give the following definition for generalized 
arcwise connected hull of k points x, x?, ..., x*. 


Definition 2.3—Let x', x*, ...,x* € X C R". Then the generalized arcwise 
connected hull (GACH) of {x', x*, ..., x*} is the set {H Pa 3 PS Pe 


eS e.g (Oeag 


k 
0ga <1, 2 a; = 1} C R® for a unique continuous function defined on /*. 


Now let ¥ C R”. Consider the set denoted by GCo (X) as follows. 


k 
GCo(X)={H, , PaO Gin Ae) OLS op Re ls i enh 
Xo & - t=1 


ty, 
x', x®, ..., x* are finite number of points in XY}. 


Remark : (1) In the above definitions of GCo (X) we assume that the function 
H is unique. 


(2) The definition of GCo (X) assume the uniqueness of Hin the sense that H 
does not vary from one tuple {x?, ..., x*} to another tuple {x’?, ..., x’*}. For example 
a function of the following type : 


k 
H = a; x 


1 k 


Sap sessy % i=l 


would work for an ilustration of the functional form of H as in the case of ordinary 
convex hull. 


Definition 2.4—Let X C R". Letfbe a real valued function defined on X. 
Then f is said to be generalized arcwise connected convex on GCo (X) is given 
xix) 4.,x%° EX 


ABW Bap » (Gis Gen ses G8) S By a f (x‘) 


Xo Bo -++9 


k 
with 2 a =1, for all points H, , , (4), Ga, ..., 4k) on the GACH of 
i=) Xs x 


X > «#9 


ee setae: 
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We have similar definition for generalized arcwise connected concave function. 


§3. Asan application of generalized arcwise connected functions we give a 
minimax inequality derived in Theorem 3.1. We make the following assumptions. 


Let X C R® and for each x € X let a closed set G (x) in R” be given such that 
G (x) is compact for at least one x EC x. If the GACH of every finite subset 
{x!, x?, ..., x*} of X with respect to the same unique are H is contained in the corres- 


ponding union U G (x') then (| G(x) + ¢. 
ee xEX 


The assumption ( G(x) + ¢ with the properties satisfied by UV G (x'), for 
vl 9. a 


each x; € X,i = 1, 2, ..., and other condition mentioned above is a topological 
property (which we heanetirth denote by G-property) which is verified for the case of 
ordinary convex hull of {x,, X2,..., X,} by Fan’s lemmas'. The motivation starts at this 
point when we tag this assumption for the derivation of the minimax inequality given 
below in Theorem 3.1 for the more general case where XY is a compact AC set in R” 
with G-property. 


Theorem 3.1—Let X be a compact AC set in R*. Let X also possess G-property. 
Let f and g be real valued functions on X¥ x X with the following properties : 
(i) Foreach x € X, g (x) is a lower semi-continuous function on X, 


(ii) Foreach y € X, f(., y) is a generalized arcwise connected concave fun- 
tion on X, 


(ili) g(x, ¥) < f(x, y) for all (x, y) © X x YX, then the minimax inequality 


min Sup g(x,y) < Sup f(x, x) 
ASBE SP xEx 


holds. 
Remark : Theorem 3.1 is in fact a generalization of a result (Theorem 1, p.479) 
of Yen? on R", , 


Proof: Let t = sup {f (x, x) : x © X}. Without loss of generality we may 
assume that << oo, Foreach x € X, let 


FX)={V¥YEX:fixy<H 
G@={YVEX:g(xy<H 


then by (i), (ii) and (iii) we have that, (iv) G 


(x) is a closed subset 
and hence G (x) is compact for all x € Y. ofa compact set X 


(v) For any finite set {x, x2, ..., x*} we shall show that GACH of {x!, Se ee = 


. k . 
is a subset of Vv F(x‘). Observe that in view of Proposition 2.1 GACH of 
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Ate ek Se ; : ; ‘ 
{x', x°, ..., X*}isin XY. Since f(., y) is generalized arcwise connected concave for 
each y € X, we have, 


k 
eo tan i. wiley tay Gh) 
i=l ey s x : 


> e885 
</f/(A, 2 k (a, Qo, ae) a), 
Lge X, » bavs OC 
H e 
2, xl Lad x* (a, as, e0eg ax)) << be A 


From (1) one can see that 


ee Hy 2 a (ai, @, <..,24)) Gt 


oy tery 


for at least one index i, which shows that 


k 
H : Ge Oi lay On), UF (x*): 
x i=] 


1 2 
Xo X 3 eeey 


(vi) Foreach x € X, F(x) C G(x), respectively because of (iii). Therefore 
it follows from (v) and (vi) that 


(vii) For any finite subset {x', x7, .... x} of X we have the GACH of 
k 

{x!, x?, ..., x*} isa subset of UU G(x‘). Therefore from the assumption 
171 

preceeding Theorem 3.1 and the fact that (iv) and (vii) hold, we have that 


A{G(x): x EX} Ae. 
Let 

Yo © {G (x): x € X}. 
Then 

g(x, Yo) St forallx € X 


and our minimax inequality holds. 


§4. In this section a further application of arcwise connected function is given 
for minimax equalities on unbounded sets in R". The example thus given is inspiredby 
the work of Hirano and Takahashi‘ for min-max equality for functions F(. , .) which 
are convex concave type in respective variables. In what follows 64 K and ig K will 
denote the boundaries points and interior points of a set K imbedded in a set A in 
R" respectively. 


Theorem 4.1—Let A, B be two non empty closed arcwise connected (AC) sub- 
sets of R*. If F is a function on A x Bsuch that for each y € B, F(., y) is an 
upper semi-continuous generalized arcwise concave function on A and for each x € A, 
F (x, .) is a lower semi-continuous generalized arcwise convex function on B, then a 
sufficient condition for the min-max equality 
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max min F (x, y) = min max F (x, y) 
xEA yEB vEB xEA 


is given as follows : 


; hat for 
There exist bounded closed arcwise convex sets x € A and i Can bay nate 
each (x,y) € (64 K x L) U (KX Gs L), there exists (u,v) € ia K X Ip 
satisfies F (u, y) > F(x, y). 


PRoor : Let K and L be two bounded closed arcwise connected subsets satis- 
fying the condition stated in the theorem. Then because of upper semi-continuity ee 
lower semi-continuity conditions on F(.,y) and F (x ,.) respectively there exists 
(Xo, Yo) © K x L such that F (x, yo) < F (xo, %) < F (x, y) forall (x. she hive 
Let (Xo, ¥9)) € in K X ip L. Then for each x € Awe can choose @>0 so small 
that Axx. (0) € K. Since F(., y) is generalized arcwise concave, we have 


F’ (Xo, Yo) > F (Hxx, (8), Yo) > 8 F(x, ¥0) + (1 — @) F (Xo, ¥%o) and hence 
F (x, Yo) < F (Xo, Yo). Also we can get similarly F (Xo, Yo) < F(x, y) for all 
y & B. Now let (Xo, yy) € (8@4 K x L) U (K x Og L). Then by the hypothesis in 
the Theorem there exists (u,v) € ia K X ig L such that F (u, Yo) > F (Xo v) since 
F (x, Yo) < F (Xo, Yo) < F(X, ¥) for all (x,y) E K x L, we have F (u, ys) 


= F (Xo, Yo) = F (Xo, »). For each x A, we choose 6 > 0 so small that Hx, (@) € K. 
Then 


F (Xo, Yo) > F (Hx, (6), Yo) 
> 6 F (x,y) + (1 — @) F(u, yo) 
= 6 F(x, Yo) + (1 — 6) F (x0, Yo). 


Hence we obtain that F (x, Yo) S F (Xo, Yo). Also we obtain similarly F (x9, yo) 
< F(%, y) for all y © B, which completes the proof of the theorem. 
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This paper defines y-convexity, y-quasiconvexity and y-pseudoconvexity for 
semi-differentiable functions. Some properties involving these functions are 
discussed. Sufficient optimality criteria for non-linear programming pro- 
blems involving these functions are given. 


§1. Hanson? defined invexity for differentiable functions as a very broad genera- 
lization of convexity. A mathematical program of the form : 


Min f(x) subiect to g(x) < 0,x € DC R” 
is invex if there exists a function 7: D x D — R™ such that for all x,u € D, 
f(x) -—fM 2a(xswvfM 
and 
g (x) —g(u) > n(x, 4) V8 (wu). 
It may be noted here that the convex case corresponds to 
n (x, u) = x—U. 


Kaul and Kaur® defined y-convexity, %-quasiconvexity and %-pseudoconvexity for 
differentiable functions on the similar lines. In this paper, we consider functions which 
are semi-differentiable i.e. those functions for which the right differential of the func- 
tions exist at each point of the set on which the functions are defined. 


In section 2, we define the terms y-convexity, y-quasiconvexity, 7-pseudocon- 
vexity and other related terms for semi-differentiable functions. In section 3 we mention 
some of the properties possessed by these functions. Section 4 is devoted to a discus- 
sion of the optimality criteria for programming problems involving different generali- 


sed invex functions. 
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§2. We start with recapitulating the Definitions 2.1 and 2.2 from Kaul and 
Kaur". 


Let R" be the n-dimensional Euclidean space and f be a numerical function 
defined on a set C C R”.. 


Definition 2.1— The right differential of fat ¥ € C inthe direction of x — ¥ 
denoted by df* (%, x — *%) is defined as 


=n) ee eee 
deals aD) es Li eee ae LB (*) 
Pipe Sag ee 


provided the limit exists. 


If the right differential exists at each ¥ € C, then f is said to be semi-differentiable 
on C. 


Definition 2.2— A subset C C R® is said to be locally starshaped at x € C if 
corresponding to ¥ and each x € C, there exists a maximum positive number a (x, x) 
< 1 such that 


(hos AleX AX CC; 0 NS a (Fs). 


If C is locally starshaped for each ¥ € C, then Cis a locally starshaped set at 
each of its points. 


Definition 2.3— A semi-differentiable numerical function / defined on a set 


C C R" is said to be n-convex at x* if there exists a numerical function 4 Gee) 
defined on C x C such that 


f (x) — f (x*) > 1 (x, x*) df+ (x*, x — x Sere 


J is said to be 4-convex on C if there exists a numerical function 7 (|, X2) defined on 
C x C such that 


TOE Gy) ee oe X2) df* (x9, x, —x.) ¥ xy, XE C, “4.(2.1) 


When the relation (2.1) is satisfied as a strict inequality, 


Sf is said to be a strictly 7- 
convex function. 


In particular when n (Xi, X.) = 1, 


¥ X1 xX, © Cin the inequality (2.1) and the 
set C is a locally Starshaped set, then the 


function / is said to be semilocally convex. 
Remark 2.1 : Every semilocally convex function is y-convex but the converse is 
not always true. 


The following example shows a fy 


| netion which is »-convex but is not semi- 
locally %-convex, 
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Example 2.1 — Consider a function 


f :(0, 5 [ > R defined by 





f (x) = sin x, 0i< Saar 
= 2sin X - ‘ ee = 
2 Giver. 
It is clear that the function is not differentiable at x = r We also have 

if 7 w 
| (x,—xX,) cosx, forO<x,< wan C= x, < - 
| T 
| 2 (x1—X_) cos xX, for a Bees 5 a<s < - 
| 7 7 1 " 

ASCE ie 5 to eae eau eae Seema 
| 7 7 7 7 ™ 
oes 6 'or Paseo! is te W eas Vie Ra 
L 

Let us choose 
n (x1, Xx.) = EE ee whienine a Xs 


(x, — X2) COS Xs 


= | if x1 = Xp. 
Then it can be easily verified that the inequality 


f (x1) —fQ%) 21 (X1, X2) dft (x_, X; — X2) holds in {0, = [. 


Hence the function / is 7-convex. 


7 


Taking x; = and x, = is + We observe that 


1s (x,) — f (%) = ae (Xa, te Xs): 


This shows that f is not a semilocally convex function. 


Definition 2.4— A semi-differentiable function / defined on a set C C R® is said 
to be y-quasiconvex at x* € C if there exists a numerical function » (x, x*) defined on 


C x C such that 


fo) <f*) >= 1, x*) df (x*, x — x*) <0, ¥ x € C. 
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f is said to be y-quasiconvex on C if there exists a numerical function % (x,, x.) 
defined on C x C such that 

ie (x,) < f (x2) a n(x, Xo) dft (x, x, -_v X2) < 0, aa x1, Xe E€ G; 


The function / is called strictly y-quasiconvex when 


< 
t (x) x; = X2 f (X2) came) (x1, X2) df* (X2, Xie Xo) za 0, A xX}, Xe = Cc, 
The function f is called strongly n-quasiconvex when 


f(x) < f (%2) >> 9 (x1, X,) df* (Xe, X1 —Xq) < OL x ee ee 
X1FX2 


In particular when 
n (x, X2) =I1,¥ x, x% EC 


and C is a locally starshaped set, then we have definition of a semilocally quasiconvex, 
semilocally explicity quasiconvex and semilocally strongly quasiconvex functions 
respectively. 


Remark 2.3 : Every y-convex function is n-quasiconvex for the same function 7 
but the converse is not true. 


From the definition of y-convexity, we find that 


1 (%1, X2) df* (x2, x1 — x.) Sf (x,) — f(x), ¥ %1,X%,E CG 
Therefore 
I (%) — f(%2) < 0 > 1%), x.) df* (x), x, — x,) <0 
showing that y-convex is also y-quasiconvex for the same function ». 
The following example, however, shows that the converse is not always true. 
Example 2.2— Consider a function f: [1,4[—+R defined as follows : 
$9 oe a Le, ey. 
Ree 2X ie Lean A: 


Clearly this function is not differentiable atx = 2. The computation of the right 
differential of the function yields 
{ 3 (x1 — x) x$ forl<u<2,1<%,<2 
| 4 xi — 9 < 
Cees { (x1 — x.) x, for2<x,<4,2<%x <4 
{) 12:35. =-2) for! €x,<2,x%,=2 
| 8 (x1 — 2) for 2: <x, < 4.x, = 3: 
Let us choose 7 (X,, X2) = x,/2, then it can be easily seen that in all the above 
ranges of x1, x. we have 


iG) = F(X.) > 9 (x1, X2) af © (x3, x; — X) < 0, 
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Hence the function f is »-quasiconvex. But this function is not 7 convex, for 
eid (he) en (x4, X5) af (X2, X, — Xe) 


does not hold at x, = 8, x, = 2. 


Remark 2.4: Every semilocally quasiconvex function is y-quasiconvex but the 
converse is not true, can be seen from the following example. 


Example 2.3—Consider a function f defined by 
si ] olyd [ oR 


and 


This function is not differentiable at.x = 2. The computation of the right diffe- 
rential of the function f yields 


( —4(x1—x2)x, for —-1Qx1<2,-l1<x,<2 
os | —3 (x,—x,) x} for2< x <5,2<%x%, <5 
Rl eA eG 10) A “efor ee 
{| —12(xi1—2) for 2: < x, < 5, x, = 2. 
Let us choose 


x, “p Xo 
Xo 


(X41, X2) = exe 0 


= | if. x, = 0, 
then it can be easily seen that in all the above ranges of x, and x,, we have 
f (%1) <S (%2) > 0 (%1, 2) Of (%2, x) — %2) S 0 
Hence function f is n-quasiconvex. 
But this function is not semilocally quasiconvex. This can be easily verified i taking 
x, = — 0.5 and x, = + 0.25. 
We have 


f (%) = — 0.125, f (x) = — 9.5 
showing that 
f (%) < f (%2) 


and 
Of (yt x) = 0.75 € 0. 
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Definttion 2.5— A semi-differentiable numerical function f defined on a set 
CC R" is said to be y-pseudoconvex at x* € C if there exists a numerical function 


7 (x, x*) defined on C X C such that 
n(x, x") dft x*,x— x) 20+ fOQ) ese) yee ©& 
Also f is y-pseudoconvex on C if there exists a numerical function » (x,, x.) defined on 
C x C such that 
n (x; X>) df * (x2, x) ar Xe) m 0 a Ft (*;) = f (Xa); a X15 Xe Ee c 
As a particular case when 4 (x1, X.) = 1, ¥ x1, x, € C, the function / is is said to be 
semilocally pseudoconvex. 
Remark 2.5: Every semilocally pseudoconvex function is 4-pseudoconvex but 


the converse is not true. 


Clearly every semilocally pseudoconvex function is %-pseudoconvex where 
1 (X,, X2) = 1, ¥ x1, x2 E C. The following example, however, shows that the con- 
verse is not true. 


Example 2.4— Consider a function /: [0, { > R defined by 
Tix) == 8in x; Se 
=2sin?x, — it ide 
> 6 6 . 


7 


ret this function / is not differentiable at x = a Computing the right dlfferen- 
tial of the function f, we have 


if is 7 1 
| Os X2) cos x, for0 < x, gO See 
: r 
7 4(x1 — x2) sin x, cos x, for $= xy = : 
| T s Sn 
| Fe Ge 
df (ym — x) = 4 2 : 
TT 7 
{Ca gages 5 fr0Kxu< ie = = 
| 7 : 7 7 
| 4(x, — 6) sin $008 G for = Sm < 2%, 
| T 
Let . ner 


_ (sin x: — sin x,) 
1%, x2) = ——“1 — 8M X29) X, if x1 x, 
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It can be easily shown that in all the above ranges of x,, x, we have 
N (x1, Xq) df * (x2, x; — x.) >O= Fis SS ee, 
Hence the function / is y-pseudoconvex. 
But this function fis not semilocally pseudoconvex as 
af * (x, ¥1 — xs) > 0 and f (x,) < f(x) 
at 


27. 
and xX, = NW 


x, = 


-|4 


Definition 2.6— An m-dimensional vector function h = (Ai, ..., Am) defined on 
C C R" is y-convex, n-quasiconvex, %-pseudoconvex on C if each of its components 
h, ‘i = 1, ..., m) is 4-convex, -quasiconvex, y-pseudoconvex on C respectively. 


§3. Theorem 3.1— A _ semidifferentiable numerical function f defined ona set 
C CE Ris y-convex iff 


pare 1 ANG as, > (xe. X — 1s) Of Cx,) er (,)- 
Proor : Suppose f is 1-convex. Therefore for x1, x, € C, 

PF Xa) Si hs) OF * (Xq, X11 — Xp). 

It follows from this inequality that 
df * (x2, x1 — %) = 0 > f(x,) >f (x). 

Conversely let f (xi) > f (x.) for x1, x2 € C, 

whenever df * (x,, x; — x,) = 0. We need to show that 
fx) = f (xs) Sn Oy Xe) gi) FX Xe EC: veal 30 


If df* (x2, x, — x,) = 0, then the inequality (3.1) holds in view of the given 
hypothesis. 


If df * (x,, x1 — x2) ~ O then choose 


St (%s) Te f (x2) 
df * (x2, X,— Xe) 


H (x1, X») Fi 
and inequality (3.1) is again verified. 
Hence f is yn-convex. 
This completes the proof of the theorem. 


Theorem 3.2— Let f be a numerical function defined on the set C Cc R" and 
let f be semi-differentiable at x* € C. Suppose there exists a positive numerical func- 
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* 
tion y (x, x*) defined on C X C and maximum positive numbers a (x,x*) and d (x,x*) | 
such that 
x* +A (x, x*) (x — x*) EC C,0 <A < a(x, x*) 
and 
f (x* +A 4 (x, x*) (x — x*) < (1 — A) SG) + ASO), 
Mee C0 1 < alee 
where 
aie xt) land. (x x0) = aCe xe): 
Then / is y-convex at x*. 
PROOF: We have 
TEENY (t, tt) (ce — x") ) & (Ad 7 (eee 


Ae Xx tage Ue A ey a ee 
Therefore, 


LEE A) LOM 5 Ge, x) SF) — FO) 








x © ClO Arid (oe 
Taking limit as \ + 0+, immediately yields the inequality 
df * (x*, x — x*) y (x, x*) © f(x) — f(x*), wv xe C. 


Hence / is %-convex at x*. 


Assuming y (x, x*) = 1, ¥ x € CandCa locally starshaped set, we obtain a 
particular case of the above result regarding a semilocally convex function. 


Theorem 3.3— Let a numerical function Ff defined on a set C C R" be semi- 
differentiable at x*. Suppose there exists a positive numerical function 4 (x, x*) defined 
on C X C, maximum positive numbers a (x, x*) and d (x, x*) such that 


ALK Ke) <a ee) ea Eee mad 


x A (xe x8) Go the i, OF Ai (eee) 
and 


LO) SS (x*) > f (x* + Ay (x, x*) (x — x*) Sf (x*), 


¥xEC,0< A < d(x, x*) 
then fis y-quasiconvex at x*. 


Proor : It is given that 
F(X) Sf (x*) > f (x* + A 4 (x, x*) (x — x*)) < f(x°), 
¥xEC,0<) < d(x, x*). 


DIFFERENTIABLE FUNCTIONS 1175 
Therefore 
Bie eA (x, x") (x — x?) = F(x") 0, 


Were oO. Ore hid (x, x*) 
i.e. 


* 44 x =| ¥*)) - 
Lf (x AGES TM i xe) ce 0) 








ree ClO A d (x, x*). 
Taking limit as A ~ 0*, we have 
Weeeee ape xe xP) 0 x eC. 
Hence the function / is y-quasiconvex at x*. 


As a particular case when 7 (x, x*) = 1, ¥ x € Cand C isa locally starshaped 
set then Theorem 3.3 expresses results for a semi-locally quasiconvex function. 


§4. Sufficient Optimality Criterion— Consider the non-linear programming 
problem (P): Min. f(x) 


subject to g (x) < 0 
xEC 


where f and g are semi-differentiable numerical and m-dimensional vector function 
respectively defined on a set C C R”. 


Let ¥ = {x € C, g (x) < 0} be the set of all feasible solution of (P). 


Theorem 4.1— Let x* © C and let f and g be y-convex at x* for the same 
function y. If there exist uo* € Randu* € R™ such that (x*, uUo*, u*) satisfy the 
following conditions 


u* » (x, x*) df * (x*, x — x*) +1 (x, x*) u® dg® (x*, x —x*) > 0, 


Y¥xE X ea (SB 
g (x*) = 0 see(4i2) 
u®*’ g (x*) = 0 a CF) | 
(Gc, ure) 0 (4.4) 
u* > 0 SACRE, 


0 


then x* is an optimal solution of (P). 
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Proor: Since f is 7-convex at x*, therefore for any x € X, 
FARV HF eee he) ape ge eee) 


ite ht) Peake a a) 
* 





= 
Uo 

u*’ 

== le tt) — £:0)] 


Ug 





V 


es i) ...(4.6) 


Ug 





I 


where the second inequality follows from (4.1) and (4.5), the third inequality follows 
from the 4-convexity of g at x* and the fourth inequality on using (4.2). Making use 
of (4.4) and the fact that x € X in (4.6) yields the inequality 


Gs el ey Be Sa 4D) 


(4.2) shows that x* is feasible for the problem (P), therefore it follows from (4.7) that 
x* is indeed optimal. 


Corollary 4.1— Let x* © C and let f and g be y-convex at x* for the same 
function ». If there exists u* © R™ such that (x*, v*) satisfy the following conditions 


d (x, x df * (x7, x — x*) rh q (x, XB) u* dg* (xt; 2 x=) = 0, 


hg Ee: ...(4.8) 
g (x*) <0 ...(4.9) 
u*’ g (x*) = 0 ...(4.10) 
u* > 0 (4.11) 


then x* is an optimal solution of (P). 


Remark 4.1: In the Theorem 4.1, since u* > 0g (x*) < Oand u*’ g (x*) = 0, 
we have : 


u* g,(x*)= 0, i= ieee Tee Red) 


I = {i | g; (x*) = 0} andJ = UTS 6d ail) 
then 

FU J = {1, 2, wan§ 208): 
it now follows from (4.12) that u* 


= Ofori € J. In fact n-convexity of g, at x* is 
all that is needed and not n-convexity of g. 
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Theorem 4.2— Let x* © C and let f be %-convex at x* and g, be strictly »- 


convex at x* for the same function ». If there exists ur € Rand u* € R", such that 


(x*; u* , u*) satisfy conditions (4.1) — (4.5) of Theorem 4.1 then x* is an optimal 


solution of (P) where J and J are defined as above in Remark 4.1. 


Proor: (4.2) — (4.4) giveu® g, (x*) = 0,i = 1, ..., m, therefore 


a =. Ofor Pe J. 
Now the conditions (4.1) and (4.4) of Theorem 4.1 can be rewritten as 
* eos 
pg Ato ofl sath pec oe ey = Ue <7 (x, x") $aes (x8, XX") ce Ue 


¥xEX 


ie gui, dee 0; UO 


which shows that the system 
(x, x*) df * (x*, x — x*) < 0 


Witmer ous. (tas -—- X") 0 ... (4.13) 


has no solution x € X. 


We assert that x* is an optimal solution of (P) 


- 


Pet (xyiosix wee es: 


Let if possible there exists x° € X such that 


7 OY <= f | (4.14) 
since 

x° © X and g, (x°) < 0 = g, (x*) ...(4.15) 
and f is y-convex and g 1s strictly 7-convex at x* for the same function %, therefore 

0O> f(x) — f(x*) 2% irotiape es x*) ...(4,16) 

O > gi (x") — 81 (x*) > 0 (x, x") ag Adon Se I ..-(4.17) 


Now (4.16) and (4.17) show that x° is a solution of the system (4.13), which gives a 


contradiction. 
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Hence x* is an optimal solution of (P). 


Theorem 4.3—Let x* € C and let J and J be defined as in Remark 4.1. 
Let f/f be 4-pseudoconvex at x* and g, be y-quasiconvex at x* for the same function ». 
If there exists u* € R™ such that (x*, u*) satisfy conditions (4.8) — (4.11) of Cor. 4.1, 
then x* is an optimal solution of (P). 


ProoF : It is easy to see that u¥ = 0 fori € Jie. 


u* = 0. ...(4.18) 


The function g; is y-quasiconvex at x*. 
Therefore 
8&1 (x) <0 = g (x*), Vx EX 


implies 

” (x,.x°) det (xP nx x") Ore ee .--(4.19) 
From (4.11) and (4.19) we obtain 

1 (x, x*) u? dg* (xy) kt) OS Ae ee ...(4.20) 


Using (4.18) and (4.19) in (4.8) we have 
n(x, x*)df*(x*,x—x) >O¥ xe Xx. 
Since fis y-pseudoconvex at x*, therefore 
f(X) > f (x*), ¥ x EX, 
Hence x* is an optimal solution of (P). 


Theorem : 4.4— Let x* © Cand u* € R” be such that (x*, u*) Satisfy condi- 
tions (4.8) — (411) of Cor. 4.1. Suppose f is y-pseudotonvex at x* and ur 81 is »,- 
quasiconvex at x* for the same function 7, then x* is an optimal solution of (P) 


PRooF : The proof is same as that of Theorem 4.3 
.3 except that 4 
tion (4.19) as follows pi that we get the rela 


ur 81 (x) <0 = u* gy (x*), wx EY, 


* . ° 
and uw? g7 is 1-quasiconvex at x*, therefore 


n(x, x*) ut det (x*, x — x*) <0, 4x ¥. 
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Theorem 4.5— Let x* € Cand u* € R®™ satisfy conditions (4.8) — (4.11) of 
Corollary 4.1. Let the numerical function f + us gr be y-pseudoconvex at x* for 


same %, then x* is an optimal solution of (P). 


Proor : As uy = 0, therefore (4.8) can be written as 


Midge) a AX Xi — X*) + 4 (x, x*) uy det (x*, x — x*) > 0, 


¥xeE X, 
1.6; 


n (x, x*) (dft+ + uF dg* )(x*,x— x*) 20,4 xEX 
since f + u? g; is 1-pseudoconvex at x*, therefore 


le) ius of (x) fi (x*) 4g OU; en (x*), 4 xe X, 
By definition of / and (4.11) we get 
Tx) J 0), VS x 


Hence x* is an optimal solution of (P). 
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A topological space is hyperconnected if intersection of any two non-empty 
open sets is non-empty. This paper gives a characterisation of hyperconnected 
spaces, using the concept of semi-open sets, which yields an alternate proof 
of Noiri’s result® that hyperconnectedness is a semi-topological property. 
Further it is proved that a hyperconnected door space is maximal hyper- 
connected and minimal door and analyse certain related concepts too. 


INTRODUCTION 


Levine® called a topological space ¥ a D-space if every nonempty open sub set of 
X is dense in X. Pipitone and Russo® defined a topological space to be semi-connected if 
it is not the union of two non-empty disjoint semi-open sets and showed that a topolo- 
gical space is semi-connected if and only if it is a D-space. Maheshwari and Tapi’ 
defined a topological space X to be S-connected if Y is not the union of two non-empty 
semi-separated sets and showed the equivalence of semi-connectedness and S-connected- 
ness. Sharma’ indicated that a space is a D-space if it is a hyperconnected spcce due 
to Steen and Seeback'®. On the other hand, Strecker? has proved that in a topologi- 
cal space ‘every non-empty collection of non-empty open sets form a filter base if and 
only if it is totally co-indiscrete’ and the notion of ‘irreducible’ due to Serré!3 and 
that of ‘superconnected’ due to De Groot are shown equivalent to it. De Groot! 
proved that any metrizable or locally compact, Hausdorff space which is not compact 
has a dual compact, superconnected Space which completely determing it. 


PRELIMINARIES 
Levine® defined a subset 4 of topological space X, semi-open, if there exists an 
open set Uin X, such that, UC A C U, where (—) denotes closure in ¥. We denote 
the collection of all semi-open sets in a topological space (X, +) by SO (X, 7). Note 
that in a hyperconnected Space, a non-empty set is semi-open, if and only if, it contains 


a non-empty open set. 
HYPERCONNECTED AS A SEMI-TOPOLOGICAL PROPERTY 


Theorem 1\—A topological space (X, +) is hyperconnected, if and only if SO (X,7)\. 
{9} is a filter on Y. 
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PROOF : Let (X, t) be hyperconnected. If A, B © SO(X, 1) (p}, then there 
exists U,V € + \. {p} such that UC AandVC B. Since (X, t) is hyperconnected 
@~U(\V CA) Band hence A BE SO (X, t)\{p}. Now let A € SO (X, 7) 
\tg} and B > A. Then there exists U € +\{¢} such thatU C AC Band thus 
BE SO (X, +)\ {9}. Hence SO (X, 1) \{9} is a filteron X. Since + C SO (X, 7), 
sufficiency part is obvious. 


Remark : The equivalence class of all topologies on a set X, which have the 
same semi-open sets as t, is denoted by[t]. In Crossley and Hildebrand’, it is esta- 
blished that [+] is a subsemilattice of the lattice of all topologies on XY with a greatest 
element, denoted as F(t), with respect to the usual joint operation on topologies. 


Theorem 2—Let (X, t) be a hyperconnected space. Then (X, S), where S € [t] 
is also hyperconnected. Moreover, F(t) = SO (X, +). 


Proor : Since S € [t], SO (X, S) = SO (X, +) and from Theorem 1, it follows 
that (X, S) is hyperconnected. 


Since SO (X, +)\{9} is a filter on X¥, by Theorem 1, (X, SO (X,7)) is a hyper- 
connected topological space. If A is semi-open in (X, SO (X, t)), then there exists 
V € SO (X, t)\i¢p} such thatV C A. Now/V contains a non-empty open set in 
(X, t) and hence 4 is semi-open in(X,+). Since all the semi-open sets in (X, t) are 
clearly semi-open in (X, SO (X, t)), SO (X, +) € [rt]. But in general, F(t) C SO (X, 7). 
Thus F(t) = SO (X, 7). 


Definition—A topological property R is called contractive (expansive) if (X, +) 
has the property R and t’ C + (t’ Dt), then (X, +’) has property R. 


Remark : WHyperconnectedness is a contractive topological property. 


Definition—A topological property preserved under semi-homeomorphisms, 
which are bijections so that images of semi-open sets are semi-open and inverse images 
of semi-open sets are also semi-open is called a semi-topological property. 


Remark : Regularity, complete regularity, normality, 7;, T,, T;, metrizability 
are known to be not semi-topological; whereas, 7;, first category, separable are semi- 
topological properties. Noiri® has shown that hyperconnectedness is a semi-topologi- 
cal property. We obtain this result as a corollary to Theorem 2 and previous remark. 


Let f : (X,7t) ~(¥,S) be a semi-homeomorphism and (X, 7) be hyper- 
connected. Then by Theorem 2, (X, F (t)) is hyperconnected. Since f : (X, F (t)) > 
(Y, F (S)) is a homeomorphism‘, (Y, F (S)) is hyperconnected. But S C F(S) and 
hence by previous remark, (Y, S) is hyperconnected. 


2. MAXIMAL HyPERCONNECTED SPACES 


In this section we analyse maximal hyperconnected spaces and characterise 
hyperconnected door topologies on a set. Further it is established that a hyper- 
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connected space is maximal hyperconnected if and only if it is sub-maximal. 


Theorem 3—If a topological space (X, +) is maximal hyperconnected then 
SO (X, t)\{9} is an ultrafilter on Y and +t = SO (X, 7). 


Proor: By Theorem 1, SO (X, t)\{9} is a filter. Let A ost such that 

A & SO (X, t)\ {9}. Then A & +. Consider + (A), the simple expansion of + by A. 

Since t C + (A), +(A) is not hyperconnected. Then there exists two non-empty 
=A 


disjoint open sets, say, C, and Cc in (X, Tv (A)). Let G = U; & ("Y, ‘a A) and 
Gc = U, U i al A), where U;, U,, Vi, V, =! Te 


Now C190 C,=9>Ui:NU,= 9; U.NhMzNA=9 UINV,NA= 9 
and V,; (.1}V,1 A = 9. Since (X, 7) is hyperconnected, Ui (| U, = 9 > U, = gor 
U,=9. We assume, U, = 9. 


Two cases may arise. 
Case 1: U, = g. 
Then V; # 9 and V,~ 9, otherwise C, = g@ or C,= gq. Thus we have, 
VWiV,#9. NowVi;NV20 A= 9504), 0 V, C At > AP © SO (X, t)\ {9}. 
Case2:U,+# 9. 
Since C, 4 9, we have V, + p- Then, U,V, .o. But U,NV,;N A= 
and hence 4° € SO (X, t)\{9}. Thus, in either case SO (X, t)\ {0} is an ultrafilter. 
By Theorem 2, (X, SO (X, +)) is hyperconnected and, in general, t C SO (xX, ). 


Since (X, t) is maximal hyperconnected, + = SO (X, +). 


Theorem 4—Let (X, t) bea topological space such that SO (X, t)\ {9} is an 
ultrafilter. Then (X, SO (X, 7)) is maximal hyperconnected. 


PRooF: (X, SO (X, t)) is hyperconnected, obvious. 
hyperconnected. Then there exists ah 


C t,. But then SO (X,+t) C SO ee 
ae 
Theorem 1, SO (X, T,)\ {9} is a filter. 


Suppose it is not maximal 
yperconnected space (X, t,) such that SO (X, 7) 
t1) which leads to a contradiction, since by 


Hence the result. 


Definition: A topological space X¥ is a door gs 


pace if for each subset 4 of x: 
either A or A¢ is open. 


Theorem 5—(X, t)isah 


yperconnected door space if and only if t\ {9} is an 
ultrafilter on X. 
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Proor : Necessity—If A,B E t\ {9}, then clearly AN BE ™\{p}. Let 
A€ + \{o}andBD A. If B= YX, then B E t\ {9}. Now assume B + XY. Then 


B € +\ {9}; otherwise Bc € t\ {9}, since (X,t) is a door space and then A (\ Be = o, 
a contradiction. Thus +\ {9} is an ultrafilter. 


Sufficiency—Obvious by the previous remark. 


Theorem 6—Any hyperconnected door space is maximal hyperconnected and 
minimal door. 


PRoor : Let (X, t) be a hyperconnected door space. By Theorem 5, +\ {9} is 
an ultrafilter and hence by the remark (X, t) is minimal door. Since + C SO (X, 7), 
in general, in view of Theorem 1, t = SO (X, +), and then by Theorem 4, (X, t) is 
maximal hyperconnected. 


Remark : Any maximal hyperconnected space is minimal door, but there are 
minimal door spaces which are not hyperconnected. Let ¥ = {a, b, c} and +t = {o9, {a}, 
{b}, {a, b}, X}. Then (X, +) is minimal door, but not even connected. 


Definition—A topological space is called submaximal if every dense subset is 
open. 


Theorem 7—Every hyperconnected submaximal space is maximal hyperconnected 
and conversely. 


Proor : Let (X, t) be hyperconnected and submaximal. 


Now assume (X, 7) is hyperconnected such that t; D t. Let 940 €E t,. Then 
0; =X¥>0,=XY=+>0€Er. 
1 
Thus t, = +, i.e. (X, t,) is maximal hyperconnected. Conversely, let (X, t) be 
maximal hyperconnected. Suppose A = Xis dense in (X, 7). By Theorem 3, +\ {9} 


is an ultrafilter and hence A is open. Thus (X, +) is submaximal. 


Remark : Though every maximal connected space is submaximal, a connected 
submaximal space need not be maximal connected '5. 


~ 


3. DOWNWARD DIRECTED TOPOLOGICAL SPACES 


Each topology t on a set X may be associated with a pre-order P (t) on X 
defined by (a,b) € p(t) if and only if every open set containing 5 contains a. 
Although the correspondence is many-one, there is always a least topology » (R) and 
a greatest topology v (R), having a given pre-order R. Andima and Thron! defined a 
topological space (X, t) downward directed if and only if each pair of elements in 
(X, P (t)) has a lower bound. We analyse the relation between the concepts of down- 
ward directedness and hyperconnectedness in this section. 


1184 P. M. MATHEW 


Theorem 8—Any downward directed topological space is hyperconnected. 


Proor : Let A and B be non-empty open sets in a downward directed space 
(X, t). Letx € Aand» € B. Then there exists z€ X such that z Pp (t) x and 
z P(t) y. Now,z € Aandz ©€ Band hence A) B # 9. ie (X, t) is hyperconnected. 


Remark : Let X be an infinite set with cofinite topology C. Then (X, C) is 
hyperconnected but not downward directed since the induced order P (C) is the 
diagonal in x x X. 


A topological space in which arbitrary intersections of open sets are open is 
called a principal space. In Andima and Thron? it is shown that if (X, t) is a principal! 
space, then t = v (Pp (t)), where v (2) for a pre-order R on X is the topology generated 


Gyiivh a Ged! so thatdxht coe ren 


Theorem 9—Any principal hyperconnected space is downward directed. 


Proor : Let x, y € (X, t), a principal hyperconnected space. Then {x} and {y} 


are non-empty and open in (X, t) and hence {x} (1) {y} A. Choosez € {x} € {y}. 
Then z P (t) x and z Pp (t) y i.e. zis a lower bound of x and yin (X, Pp (t)). Hence 
(X, t) is downward directed. 
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For the submersion ~: M — B of a CR-submanifolds of a Kaehler manifold 
M onto an almost hermitian manifold B, Kobayashi proved that B becomes 


a Kaehler manifold. The object of the present paper is to study the impact 
of the submersion on the Geometry of CR-submanifold M as well as to obtain 
conditions under which 4 and Bare holomorphically isocurved. We have 


also obtained the Ricci curvatures as well as scalar curvatures of the mani- 
folds [f and B. 


1. INTRODUCTION 


The study of submersion 7 : MB of a Riemannian manifold M onto Riemannian 
manifold B was initiated by O’Neill”*®. A submersion naturally gives rise to two dis- 
tributions on M called the horizontal and vertical distribution of which the vertical dis- 
tribution is always integrable giving rise to fibres which are closed submanifolds of M. 
Also on a CR-submanifold M of a Kaehler manifold M with almost complex structure 
J there are two natural distributions D and D* , D being invariant under J and D+being 
totally real as well as always integrable!’’>. Kobayashi observed this similarity bet- 
ween the total space of the submersion 7: M > B of a CR-submanifold M of a Kaehler 
manifold M onto an almost hermitian manifold B such that the distributions D, D* of 
M become respectively the horizontal and vertical distributions required by the submer- 
sion and = restricted to D becomes a complex isometry®. He has proved that B in such 
situation becomes a Kaehler manifold and obtained a relation between the holomorphic 
sectional curvatures of M restricted to D and B. With this naturally following ques- 


tions arise : 


(i) What is the impact of the submersion ~: M -> B on thc geometry of CR-subma- 
nifold !? 

(ii) If M is a complex space form, under what conditions B is a complex space form? 

The object of this paper is to answer these questions (cf sections 3 and 4) as _ well 


as we obtain same relations between the Ricci curvatures and the scalar curvatures of 
the Kaehler manifold and the base manifold. 
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2. PRELIMINARIES 
Let M be a Kaehler manifold of real dimension 2n with almost complex structure 
J and hermitian metric gz. Then on M we have 


vx J¥ =JyxY, X,Y EC 2M). wees) 


V being the Riemannian connection on Mand Q% (M) is the lie-algebra of vector 
fields on M. An m-dimensional submanifold M of M is said to be a CR-submanifold 


if on M there exist two distributions D and D* satisfying JD = D and JD‘ C y, v being 
the normal bundle of M (cf. Benjancu'). In what follows we shall always take JD* 
=v, so that if dim D =2p, dim D* = q then m = 2(p + q). The Riemannian connec- 


tion Vv induces Riemannian connections y and Vv on Mand in the normal bundle vy re- 
Spectively satisfying 


vx ¥=vx¥ +h (X,Y) j(22) 


vx N=— AvX+yxN, X,YE 2(M),NEv ...(2.3) 


where h and Aw are the second fundamental form and the Weingarten map respectively, 
satisfying g (h (X, Y), N) = g (Ay X,Y). It is known that the distribution D is inte- 
grable if and only if? 


h (X, J¥) = h(X, YJ), ¥ X,Y € D. (2.4) 


Ifh = 0, then M is said to be totally geodesic and if h(x, Y) = £.( ee: 
where H = 1/m (traceh), then M is said to be totally umbilical CR-submanifold of 


M. Let R, Rand R'be the curvature tensors corresponding to the connections Vv, 


Vandy" respectively. Then the equations of Gauss, Codazzi and Ricci are 


R (X,Y, Z,W) = R(X,Y, Z,W) — & (A (X, W), h (Y, Z)) 


+ g(h(X, Z), h(Y, W)) eH(2'5) 
[R (X,Y) Z} = (Gx A) (Y, Z) — g Gyr hy [¥s2) ...(2.6) 
R (X, He N, N’) ro Re (X, i N, N’) io ([Aw, An’] Cri. Y) sacle 


torn; y. 2, tangent to M and N, N’ € y, 
where [ }‘ denotes the normal component, and 


(Vxh)(¥,Z) = yt hy, z) -h (vx Y, Z) —h(¥, yxZ). 
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For the theory of submersion we follow O’Neill’. Let B be an almost Hermitian 


manifold and we assume that there is a submersion 7: M — Bof CR-submanifold M 
onto B such that® 


(i) D*is Kernel of 7, that is, 7,D! = {0} 


and 


(ii) 7,: Dp > Dre) is complex isometry, p € M, where Sa denotes the 


tangent space of B at a (p). 


(iii) J interchanges D* and vy. 
A vector field ¥ on M is said to be basic if 
Gi) XED 


and 


(iii) X is 7-related to a vector field on B, i. e., there exists a vector fleld X, on 
B such that (7, X)p = X42») for every p € M} 


We have the following lemma for basic vector fields: 
Lemma 2.1’—Let X and Y be basic vector fields on M. Then 
(i) g (X,Y) = gy (Xx, VY) On, 2, being Hermitian metric on B 


(ii) The horizontal part P [X, Y] of [X, Y] is a basic vector field and corresponds 
to [Xs, Y,), 1. €. Tx [X, Y] es) [X,., Y,). 


iii) V,X]E D,.VE DY 


(iv) P(yxY) is basic vector field corresponding to Vy Ys, where y* is Rie- 
* 


mannian connection on B. 


Put 


ve Y = P(yzxY), X,Y € D, 


then v% Y is basic vector field and we have 


™s(V_ Y) = Vi, Ye. ...(2.8) 
Define a tensor field C by 


yx Y= viY + CUK,Y), OWr¥) = C(x, Y). 2.9) 
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It has been observed in Kobayashi® that C is skew-symmetric and we have 
Lemma 2.28°—Ilf X, Y € D, then 
C (X,Y) = 4 Q[X, Yr]. 
For ¥ € DandV € D”, define A by 
Vx V = O(VxV) + AxV 


L 
where Q (yx V) denotes the vertical part of yx V. Since [V, X] € D*forV € D , we 
have 


P (wv X) = P(yx V) = AxV. 


The operators A and C are related by 
BAAy VY )'se ig {h, C (XY), X. Oe Die pe ad fF) | 
The curvature tensors R, R and R* of M, the fibres and B are related by 


R(X, ¥; Z, H) = R* (X4, Yu; Z4, He) — @ (C (X, Z), CY, A)) 
+ &(C (¥, Z), C (X, H)) + 2g (C (X, Y), C (Z, H)) 


AD 
R(X, V;Y,W) = g (vx Ty W,Y) + g (yr A)x Y, W) 
— 8 (Iv X, Tw Y) + g (AxV, AyW) seit ecto) 
R (U,V; W, F) = R (U,V; W, F) — ¢ (Ty W, To F) 
+ g (Tu W, Ty F) metal 


for X,Y, Z,H € DandU,V,W, FE D'. 


The operator C in (2.11) is introduced by Kobayashi® while in (2.13), the operators 
T and A are due to O’Neill’? and are called the fundamental tensors of the submersion 
m, the operator A in (2.12) coincides with C for horizontal vector fields. The operator 
T for vertical vector fields will be denoted by L which we shall use in Proposition 3.3. 


3. GEOMETRY OF CR-SUBMANIFOLDS 


In this section we study the impact of the submersion x: M —> B on the geome- 
try of CR-submanifold M. Asa first consequence, using (2.2), (2.8) and (2.9) we get 


C (X, JY) = Jh(X, Y) 
h (X, JY) = JC (X,Y) 


from which it easily follows that 


Seal oid) 


h(X, JY) + h(JX,Y)=0, ¥, Ye D. yk: 
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Proposition 3.1—Let =: M + Bbea submersion of CR-submanifold M of a 
Kaehler manifold M onto an almost Hermitian manifold 2. If D is integrable and D “is 


parallel (i.e., Vx ¥ € D , X,Y € D*), then M is the product M, x M2, where M, is 
a complex submanifold and M, is a totally real submanifold of M. 


Proor : If D is integrable, then we have from (2.4) and (3.2) h (X, JY) = 0, 
X,Y € D. As aconsequence of this in (3.1) we observe that C (X, Y) = 0, and thus 
vx Y € D which proves D is parallel. This completes the proof of the proposition. 


Corollary 3.1—Let 7: M +> Bbea submersion of a CR-submanifold M™ of a 
Kaehler manifold M with integrable D. Then 
H (X) = H* (X,), X € D 


where H and H* are respectively the holomorphic sectional curvatures of M and B. In 
particular if M is of constant holomorphic sectional curvature C, then so is B. The 
proof follows at once from Proposition 3.! and eqn. (1.3) Kobayashi’. 


A CR-submanifold is said to be mixed foliate if D is integeable and / (X, Y) = 0, 


XED, YE D+. For the submersion of fixed foliate CR-submanifolds we prove the 
following: 


Proposition 3.2—Let =: M be a submersion of mixed foliate CR-submanifold:/ 
of a Kaehler manifold M onto an almost Hermitian manifold B. Then M is the pro- 
duct M, x M, where M, is complex submanifold and M, is totally real submanifold 


of M. 


Proor: From Proposition 3.1 it follows that 
h(x, Y) = 0, X,Y € D. 


Also M being mixed foliate we have 
h(X%,Y) =0, YE D, YE D-. 
Now for X¥, Y € D*, we have 


(yx J) (Y) = 0 


~ Ay X + VEI¥ = J yx + Jh (X,Y). 


As X€ De we * eC D (Bejancu') and thus equating se components in above 
equation we get — Pye X = Jh(X, Y) which then gives Vx JY = J Vx Y, proving that 
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vx Y € Dti.e¢.D’ is parallel and thus the proof follows from Proposition 3.1. 


Proposition 3.3—Let : M — B bea submersion of a CR-submanifold M of a 
Kaehler manifold M onto an almost Hermitian manifold B. Then the fibres are to- 


tally geodesic submanifolds of M if and only ifh(X¥,V)=0,XE D,VED. 
Proor : For U,V € D’ we define LZ by 
ww V=qV + L(U,V) 
where yu V = Q(VuV) and L (U, V) = P(yu V). Since D™ always integrable we get 
L (U,V) = L(V, U). Now from (vu J) (V) = 0 it follows that 
— AwU +y', W= JLW,V) +3 Gu V + Jh(U, V), 


Equating the horizontal and vertical components we get 


P (Ayy U) = — JL (U, V) 
and 


Oy Un) 


From this it follows that fibres are totally geodesic iff Ayy U € D. 
fibres are totally geodesic iff h (U.XYY=-O¥VKXYEDUED. 


This proves that 


Proposition 3.4—Let s : M > B bea submersion of a CR-submanifold M of a 
Kaehler manifold M onto an almost Hermitian manifold B. Then the sectional cur- 
vatures of M and the fibres are related by 


a A — iw 
K(UANV)=K(UA V) — g (Agu, Asy) U,V) 
for orthonormal vector fields U,V € D*. 


PRooF: Wedefne R by 


A A A A 
R (U,V) W = [yu, wI(W) — Vir) W. 
Now, 


R (U,V) W = [yu, Vv] (W) — Viusy] W 
= Vu WW — vv VuW—Vu,y\W 


(equation continued on p. 1191) 
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A A 
= Vu (L(V, W) + WwW) — Ww (L(U, W) + Wo W) 
A 
— Vuu.y\W — P (Vu,v\W). 
Taking inner product with a vertical vector field F in above relation, we get 
A 


+ g(L(U,W), L \V, F)). 


From (2.5) and above relation we have 


R(U,V;W, F) =R (U,V; W, F) — 2 (LV), LU, F)) 
+ g(LWU,W), L(V, F)) 


— g(h(V,W),h(U, F)) + ¢ (h(U,W), AV, F)). 
The above relation gives 


R (U,V; U,V) = R(U, V; U,V) — g(L(U,V), LU, V) 
+ g(L(U,U), L(V, V)) 
—g(h(U, VV), h (U,V) +8 (h(U,V), kV, V)) 
which implies that 
K(U \ V) = KU AV) -g (LU, V), LU, V)) 
+ g(L(U,U), L(V, V)) — g(h(U, V), h (U, V)) 
+g (h(U, U), h(V,V)) 


for any orthonormal vectors U,V € jars 
Now using P eee V) = — JL(U,V) and Q (Ave V) = — Jh(U, V) we obtain 
K(U AV) = K (UAV)-8 (PAyy V, P Ayu V) 
Dey (PUP LG 
_ 20 Aw V,Q Aw V) +2 (0 As U, O AwV) 
oy He A V)— Meer V, Aww Vv) + g (Ar V, Any Vv) 


= K (U A g (Agu V, Aw U) + g (Ajy Aju U, V) 


(equation continued on p. 1192) 
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I 


A ~~ ~~ ~~ ~ 
K(U ( V) — g (Ayu Aw U,V) + g (Aw Adu U,V) 
A 


=K(U fA V) — g ([Agu, Ajy] (U), V) 
which proves the result. 


A CR-submanifold is said to be mixed totally geodesic if h (X,Y) = OforX¥ € D 
and ¥ € D*. For mixed totally geodesic CR-submanifold we have : 


Proposition 3.5 Let: M > Bbe a submersion of a mixed totally geodesic CR- 
submanifold M of a Kaehler manifold M onto an almost Hermitian manifold B, then 
R (X,V;¥,W) = — 8 (yr C)(X,¥),W) — (4x V, AyW) 

+ 8 (A(X, Y),h (VV, W)) mA Fe 
for X,Y € DandV,W eE D". 
Proor : From definition of R it follows that 
R(V,X) Y = Vix,n¥ - vx VWeY + W Vx Y. 
= P(vixvl ¥) + Q (Vix) ¥) — vx (Pup ¥ + Ty Y) 
+ Wr (P Vx ¥ + C (X,¥)) 
= PVxr) Y + Trx1¥ — yx (P (vr Y)) 
— Vy (Ty Y) + wv (P yx¥) + C (X,Y). 


Taking inner product with W € D* and noting that [Y, V] © D*we get 
& (RV, X) Y,W) = 8 (Ttx,v) ¥, W) —g (yx P (vy Y), W) 
— & (Vx (Tr Y), W) + g (vv OQ (vx ¥), W) 
+ 8 (Wry C(X, Y), W) 
= &(T vxV Y, W) — g (T yp* Y, W) 

* &(P WY, Vx W) —g (yx (Ty ¥), W) 
— &(P yx Y, wW) +g (Vr C) (X, ¥), W) 
+ 8 (C (wy X,Y), W) + 2(C (X, vy Y, W) 


here Vy X € D for ¥ € Dand V € D* follows from (vv J) (X) 
= = 0 
Pena v J) ( and h (XxX, V) 


From definition of Z in Proposition 3.3 and T in O’Neill’ it easily follows that 


& (Ty¥,W) = — g (L(V, W) ¥). 
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Taking covariant differentiation in above equation with respect to X we obtain 
& (vx (Ty Y), W) + g (Tv Y, yx W) 
es AV dh CF, W)) g(x lt (VV, W), ¥) 
euP er ae DME) B( Yr L(V, W),Y) 
— §(L(O vx V), W), Y) — g (LV, 2 (vx W), ¥) 
where we define 
(vx L)(V,W) = yx L(V, W) — L(Q yx V, W) 
— L(V, Q Vx W). 
= —g(yxY,L(V,W)) — 2g (vx L)(V, W), Y) 
radtyer % W) + 2 (Tr Y, O (vx W)) 


as T is vertical. 


From which it follows that 
g (Vx (Tv Y), W) = — g (vx L) (V, W), Y) — g (vx Y, L(V, W)) 


te (ivr ty). 03.5) 


From (3.4) and (3.5) we obtain 
R(V,X;¥,W) = 8 (Ty v YW Jere (Ty x res) 
+ g(P(vv Y, vx W) + 8 (vx Y, LV, W)) 
—g(Tyv vY,W) + e((yx¥, LV, W), Y) 
x 


—g(PyxY, WwW) 
+ g (wv C) (X,Y), W) + 8 (C (w X, YW) 
+ g(C(X, Ww Y),W) 

= g((vx L)(V,W), Y) + 8 (wr ©) (X,Y), W) 
+ g(PwY, vx W) - g (Twx ¥, W) 
4+ ¢(C (gv X,Y), W) + 8 (C(X, w Y), W). 


Using (2.10) we get 
R(V, X;Y,W) =e (vx L)(V,W), Y) + 8 (wr OT Y), W) 


+g (AyV, Ax W) + 8 (Y,L (QW X, W)) 
(equation continued on p. 1194) 
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+ g (Ay W, w X) — g (Ax W, WY) 
= g ((yx L) (V, W), Y) + 8 (wv ©) (X, Y), W) 
+ g (Ay V, Ax W) + 8g (Tw Y, Q wr X) 
+ g(AyW, P Vv X) —8 (Ax W, Pv Y) 
= g ((vx L) (V,W), Y) + g (wr C) (X, Y), W) 
+ g (Ay V, Ax W) — g (Ty X, Tw Y) 
+ g (Ax V, Ay W) — g (Ax W, AyV) 


where we have used definitions of A and T and Pyy X = Pyx Vas[V, X]}€ D*. 
Thus 
R(V, X; Y,W) = g ((vx L) (V,W), Y) + g (wr C) (X, Y), W) 
+ g (Ax V, Ay W) —g (Tv X, Tw Y). 
Now using equation of Gauss (2.5) in above equation we get 
R(X, V;¥,W) = — g (vx L) V,W),Y) — g (wr ©) (X, ¥), W) 
— g (Ax V, Ay W) + g (Ty X, Tw Y) 
— & (A(X, W), AV, Y)) + g (h (X, ¥), AV, W)). 


Now if M is mixed totally geodesic from Proposition 3.3 it follows that L (V,W) =0 
and 


& (Ty X, Tw Y) = — g(X, L(V, O ww Y)) = 0. 


Hence above equation reduces to (3.3). 


Proposition 3.6—Let 7: M + Bbe a submersion of a mixed totally geodesic 
CR-submanifold M of a Kaehler manifold WZ onto an almost Hermitian manifold B. 


Then for the unit vectors ¥ € Dand V € D~ we have 


K(X AV) = ~ [dy XIP +8 (4 (XX), hv, P)), G6) 


Proor : From Proposition 3.5 for ¥ = Y,W = V, and noting C (X,X) =G6 
we get 


K(X AV) = 8 (h(X, X),hV,V)) — lly VIP, RRR) 


Using (vx J) (V) = 0 we get 


~ x & 
~ Aw X + Vy IV = JAxV + JO yx V + h(x, V). 
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Since M is mixed-totally geodesic h (X, V) = 0 and this implies Ayy X¥ € D for every 


X € D. Thus equating horizontal component in above equation we get J Ax V 


= — Ay X or 


AxV = JAsy X. ...(3.8) 
Using (3.8) in (3.7) we get the result. 


Proposition 3.7—lf 7: M — Bis a submersion of a mixed foliate CR-submani- 
fold M of a Kaehler manifold M onto an almost Hermitian manifold B, then the 
curvature tensor R of ™ satisfies 


R(X,V: Y,W)=0,X,YED,V,WeE D'. 


Proor : If M is foliate, then from Proposition 3.1, it follows that A (X, Y) 
= C(X, Y) = 0. Also 


g (Ax V, Ay W) = — g(C (X, Ay W), V) = 9. 
Using this in Proposition 3.5 we get the result. 
Following Bejancu?, we say that the normal connection vis D-flat if R* 
(X, Y; N,N’) = 0, X,Y € D. Now we are in position to prove our main theorem. 


Theorem 3.1—If 7: M — Bisa submersion of a mixed foliate CR-submanifold 
M of a Kaehler manifold M onto an almost Hermitian manifold B, then the normal 
connection of M in M is D-flat. 


Proor : Using Proposition (3.7) in the Bianchi’s identity 
REX VY, Wy PR (VY: 4,0) + R(Y, X;V,W) =90 
we get 
RUAY; V.W)=0,%,YED,V,WeE D’. 
Now using R (X,Y, V, W) = R (X,Y, JV, JW) we get 
R (Xx, Y; JV, JW) = 90. 


Using the equation of Ricci (2.7) we get 


R (X,Y; N,N’) = 8 (Aw, Aw) (X), ¥) 
where JV = N and JW = N’ arefnormals. 
Thus 
R' (X,Y: N,N’) = (Aw An’ X,Y) —8 (An’ Aw X, Y) 


(equation continued on p. 1196) 
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= g(Aww X, Aw Y) — g (Aw X, Aw Y) 
= g (Ax W, Ay V) — g (Ax V, Ay W) 


where we have used (3.8). As in proof of (3.7), we get g (Ax W, AyV) = g (Ax V,AyW) 
= 0. Hence, we get the result. 


4. SUBMERSIONS OF TOTALLY UMBILICAL CR-SUBMANIFOLDS 


In last section we have discussed those submersions of CR-submanifolds of a 
Kaehler manifold in which mostly the CR-submanifolds were turning to be totally geo- 
desic and as such M and B were becoming isocurved (cf. Propositions 3.1, 3.2). Next 
natural question is which non-totally geodesic CR-submanifolds maintain this property 
of M and B being specially the spaces of constant holomorphic curvature. Very natural 
non-totally geodesic CR-submanifolds are totally umbilical CR-submanifolds of Kaehler 
manifolds, moreover, they are natural prototypes for the submersion 7: M —> B, be- 
cause the condition (3.2) is naturally satisfied for h (Y, JY)=g (X, JY) Hand h (JX, Y) 
= g (JX, Y)H, where His mean curvature vector which is non-zero for non-totally 
geodesic submanifolds. In case of totally umbilical CR-submanifolds the equations 
(2.2), (2.3) and (2.6) take the following forms 


vx¥ =yx¥+ g(X,Y)H (4.1) 
vx N= — g(N,H)X + YN. .. (4.2) 
[R (X,Y) ZT = g(Y, Z) vy H -— 8 (X,Z) Vi. ...(4.3) 


In case M is complex space form of constant holomorphic sectional curvature c, 
the curvature tensor R is given by 


R (x, Y; Z, W) = cla [g (¥, Z) g (X, W) —g (X, Z) 8 (Y,W) 
+ § UY, Z) g (JX, Wy — g (JX, Z) g (JY, W) 
+ 2g (X, JY) g (JZ, WY). ...(4.4) 
Our main theorem in this section is 


Theorem 4.1\—Let 7: M > Bbe the submersion of a totally umbilical CR-sub- 
manifold M (dim M > 5) of a complex space form M (c) onto an almost Hermitian 
manifold B. Then Bis also a complex space form. 


Proor : Since in case of submersion 7: M + B Jp* = v, from Theorem (cf. Blair 
and Chen)? it follows that either H =0 or dim D'*= }. In case H 


| = 0 from eqn. (1.3) 
of Kobayashi® (Theorem 1.3) it follows that Bis also a complex s 


pace form, 
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Suppose dim D* = |. From eqns. (2.5), (2.11), (4.4) and A(X, Y) = g (X,Y) H, 
we easily get the following expression for the curvature tensor R* of B. 


R* (X4, Ye; Ze, Wy) = (c/4 + |All’) {ge % Z) 2 (X, W) — g (X,Z) g (YW) 
+ g (JY, Z) g (JX, W) — g (JX, Z) g (JY, W) 
+ 2g (X, JY) g (JZ, W)}. 


Thus to complete the proof we have to show that ||H||? is a constant. Since dim M > 5 
we can choose vectors X¥, Y € D such that g (X, Y) = g (X, JY) = 0. Now from equa- 
tion (2.6) of Codazzi we have 


R(X, ¥; Z, N) = 2 (Y,Z)g (Vy H,N) —8(X,Z) 8 (Vy H, N). 
From (4.4) it follows that R (JY, X; JY, N) = 0. Thus (4.3) gives 

g(v, 4,N) =0, NE v. .. (4.5) 
This proves that 


Vv, H=0¥XED. 


Next let ¥ © D*. Then using the following curvature properties of M 
R (JX, JY; J Z,W) = R(X, Y, Z, W) 
AV Aad ls oy Wl R (X,Y; Z,W) 
and (4.4) we get 
R(x, Y; Y, X) =R (X,¥; JY, N’) = 0, N’ =JX. 
Using linearity of R in R (X, Y; Y, ¥) = 0 we get 
R (X,Y; JY, X) =9 


or 
R (X,Y; Y, N’) = 0. 
Using this in (4.3) we get 


g (vy H,N’) = 9. 


As dim D* = dim v = 1, we get Vv, 1=0forxe D*. Hence for any vector field 


X on M we have 
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X. ||H||? = X. g (H, H) = 2g (v, H, H) = 0, proving that ||H||? = constant and 
hence the theorem. 


Theorem 4.2—Let: M — B bea submersion of a totally umbilical CR-sub- 
manifold M of a Kaehler manifold M with parallel D. Then M is the product M, x 
M, where M, is complex submanifold and M, is totally real submanifold of M. 


PRoor : Let H be the mean curvature vector of the CR-submanifold M in M. 
Since H is normal, JH is vertical. 


Using Gauss and Weingarten formulae in (vx J) (JH) = 0, obtain 


AnX — Vy H = Jyx JH + Jh(X, JH). 
Now using the definition of totally umbilicalness in above relation we get 
eH, H) Y= Vx H = Jyx JH + h(X, JH) JH. ...(4.6) 


Taking inner product with ¥Y + 0 € Din (4.6) we get 
|)? |X|? = — g (yx JH, JX) 
= HV xX): ra ye 


As D is parallel, yx JX € D, which implies that g (yx JX, JH) = 0, the above re- 
lation (4.7) gives ||H||? = 0, i.e M is totally geodesic and hence the result. 


Remark : Wherever necessary, the horizontal vector fields are supposed to be 
basic. 
5. Ricci TENsors AND SCALAR CURVATURE 
In this section we obtain relations between the Ricci tensors and scalar curvatures 
of M and the base manifold. We have 


Theorem 5.1—Let 7: M > B be a submersion of a mixed foliate CR-submani- 
fold M of a Kaehler manifold onto an almost Hermitian manifold B. Then the 
Ricci tensors Sand S* of M respectively B satisfy the relation 


S (X,Y) = s* (xorre) cl 51) 
for each basic vector fields X,Y © D. 


PRoor : From (2.5) and (2.1 1) 
RZ, YYW eRe (24, Xe, Ye, Wy) + 2 (h (Y, Z), h (X, W)) 
— & (AW, Z), A(X, ¥)) — g(C (X, Y), C (Z, W)) 
+ 8(C (Z, Y), C(X, W)) + 2¢ (C(Z, X), C(Y, W)). 
ot Chant 
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Bettie a, tap, Epp, — JE,,....E,p7 = JEp, Fy, --.; FG, JF; JSF} be a lacol 
field of orthonormal frames of M such that {E,, ..., Ep, Epx; = JE, ..., Exp 
= JE,} and {F,, ...,F,} are local fields of orthnormal frames of the horizontal distri- 


bution D and the vertical distribution D~ respectively. Then using the definition of 
of the Ricci tensor in (5.2) we obtain 


S(t) Vie S* (x, ¥.) + = g (h(E, Y), h (En, X)) (5.3) 
—g(H(X,¥), = h(E, B)) —8 (C(%Y), BC (i, BY) 


+E fe (C (EY), C(X, EM +22 te C (Es X), 
C (Y, Ei))} 
+ 3 RB (Fe, X; ¥, Fi) + R UF un X5 Y, JFu)} 
Since M is foliate, the horizontal distribution Dis involutive, then Mis D- 
minimal!. On the other hand C is skew symmetric. Hence the third and fourth term 


on the right-hand side of (5.3) vanishes and we get 


2p 
Sy) =" (Xe; Ye) + 2 g (h(E), y), h (Er, X)) 


~ 
~3 £g(C(E, X), C (BY) (5.4) 
i=] 
+ 3 R(Fu, X:¥,¥i) + R(IFey X: Y, JFh). 
k=] 
Now, from g (h (X, Y), N) = g (Aw X, Y) and Lemma 2.1? we get 

SZ (g (h(E, X), h Ey, Y))} (5.5) 
k=1 


q ~~ ~~ 
= 2 & (Aur, X, Ajr Y). 
k=) 
Also we have® C (X, JY) = Jh (X, Y), which implies 


 2(C (E, X), C (Ey Y)) = Eg (— Jh(E), JX), — Jh (Es, JY) 
{=1 - 


(equation continued on p. 1200) 
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—S ¢ (h(E, JX, hE, JY) 
im] 

is g Oe IXSATEASY axi( 5,0) 
k=) k k 

= 3 ¢ (-JAw, X, — JAsr, Y) 
pat 


= (Aur, X, Au, ¥). 
k=1 
Using eqn. (3.8) we obtain 


te nn q 
Sz (Asp, X, Asp, Y) = & g (Ax Fa, Ay Fr). (5.7) 
k=) k=) 


If M is foliate, then from Proposition 3.1, it follow that h (X, ¥Y) = C (X, Y) = 0. 
Also 

g& (Ay Fx, Ay Fx) = —g (C (X, Ay Fy), Fx) = 0. Ae 
Using (5.5), (5.6), (5.7), and (5.8) in (5.4) we get 


S(X,Y) = S* (X,, Ya) + © R (Fe, X: Y, Fe) + R OFS EY, OF. 
k=1 


io k 
From Proposition 3.7. 
; R (Fx, X,Y, Fr) =0 ¥ X¥,YE D. ...(5.10) 
Also, Bianchi identity gives 
R (JF x, X,Y; JF) + R(X, Y, JFx, JF) + R(Y, JFx, X. JFx) = 0. 
Using Theorem 3.1 and Proposition 3.7 we get 
R (JFx, X;Y, JFx) = 0 ae) 


From (5.9), (5.10) and (5.11) we get the result. 


Definition 5.1--The Kaehler manifold M is said to be an Einstein space if there 
exists a constant o such that the Ricci tensor 5 of M satisfies 


S (X,Y) = og (X,Y) 


for all tangent vectors X, Y on M. 


wos ek a) 


As a direct consequence of (5.12) and above theorem, we have 


Theorem 5.2—Let M be a mixed foliate CR-submanifold of a Kaehler manifold 
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M and let 7: M + B bea submersion of M onto an almost Hermitian manifold B. 
Then B is an Einstein space if and only if M is an Einstein space. 


Lastly in this section we estimate the Ricci tensor and scalar curvature of the 
base manifold B of the submersion 7 : M —> B of M onto an almost Hermitian mani- 


fold B, when M is a CR-submanifold of a complex space form M (c) of constant holo- 
morphic sectional curvature c. 


Let {Em, ..., Em} be a local field of orthonormal frames on M (where m is the 
dimension of the CR-submanifold M) such that {F,, ..., Ep, Epyi = JE,,...,Ep. = JEp} 
is a local field of orthonormal frames on D and {F,, .. , F,} is a local field of ortho- 


normal frames on D~. Then {/F,, ..., JF,} becomes the field of orthonormal frames 
of the normal bundle v. 


Then from (5.2) and (4.5) we obtain 


R* (Zu, Xe; Ye, We) = c/4 2 (X,Y) 2 (Z,W) — 8 (Z,Y) 8 (%W) 
+ g (JX, Y)g (JZ, W) — g (JZ, Y) 2 (JX, W) 
+ 2g (Z, JX) g (JY, W) 
4+ g(h(Z, W), A(X, Y)) — g (h(Z, Y),h (XW)) 
+g (C (X,Y), C(Z,W)) — g (C (Z,Y), 


nA Ba RAY 
for any basic vector fields X, Y, Z, W on M. 


Then from (5.13) we get 


S* (Ny, Yo) = €/4 (2p. 8 (X,Y) — % (e BY) 8 (%, BD) 
+ 3 (@ (X,Y) ¢ VE, Ed) -3 {g (JE, Y) g (JX, Ei} 
2p 
+2 3 tg (E, JX) 8 (JY, ED) + 8h (%Y), & h (ED) 


_ % gh (En Y), A(X, Bd) + 8(C (X,Y), C (Ey, ED) 


2 2P 
~ ¥ ig (C(E,Y)C (XE) — 2 © te (C) B ¥), 


il 


C (Y, E))}. (5.14) 
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Using the skew-symmetry of C, we get 


S* (X4,¥e) = Fo XN -— £ > (8 (EY) 8% Bo 


i=1 


— 3¢ JEbY) 8 IXED} + 8 (h (XY), = h (Ei, Ey) 
— E (e (h(E, ¥), A(X, ED} 


2P 
+3 2 g(CB,Y),C(E, X)}. (5.15) 
Now we have the following equation (4.1), (4.2), (4.3) of Bejancu’? 


x {g (JPE,, Y) g (JPX, Ei)} = — g (PX, PY) 
i=1 


= (g(VPE,. E)} = 0 


& {g (Ei, JPX) g (Ey, JPY)} = g (PX, PY), 


for any vector field Y, Y on M, so in our case the above equations take the following 


forms. 
= {g (JE, Y) g (JX, E)} = — g(X,Y) a(S. 1G) 
2P 
z {g (JE,, E;)} = 0 Feet te Bd 
Pe {g (Er, JX) g (E), JY)} = g (X, Y). --(5.18) 


If we use (5.16) — (5.18) in (5.15 


) we obtain following expression for the Ricci 
tensor S* of B 


. et Pe: c 3 
= Ta) = 90 5 OY) = ge ee ere 


+ 2 GY), 4B, B) —¢ (h (B, ¥), h(E, X)} 


3 = {g (C (Ei, Y), C (E;, X))} 


(equation contiuned on Pp. 1203) 
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_ (p+ 1) x 
= ——— g (X,Y)+ > {g (h (X, Y), h (Ei, E))) 


— 8 (h (Ev, X), h (Er, X)} + 3 E (g (C (Er, ¥), CE, XD) 


+ 1 2p 
S* (Xe Vy) = PIS oxy + S te XY), h(E, BD 


f=1 


2p 
— 8 (h(E;,Y)}, A(E:,X)}+ 3 2 {8 (h (Ei, JoY), h (Es,JX))} 
[.. C(C(B, Y) = — JA(E,, JY)). Berl by 
If we compute the scalar curvature p* of B, we get 
2p 
P*=p(pt Wet E (g (h(E, Ey), h(E, E)) 
so}. 4 (h (Ei, E;), h (Fi, E;)} scl anU) 
2P 
+ 3 = {g (h (Ei, JE;), h (Et, JE;}. 


Theorem 5.1\—Let 7: M — Bb be a submersion of a mixed foliate C R-submani- 
fold M of complex space form M (c) of constant holomorphic sectional curvature c, 
onto an almost Hermitian manifold B. Then the Ricci tensor S* of B satisfies: 


Beets iyo en = 5 (1,7) 


for any horizontal vector field X¥, Y € D. Where 2p is the dimension of D. 
As a direct consequence of above theorem we have 
Corollary 5.1—Under the hypothesis of above theorem, B is an Einstein space. 
PROOF OF THEOREM 5.1: Since {/F;, ..., JF} isa local field of orthonormal 
frames of the normal bundle v. We have 


q ~ 
h (X,Y) = 2 g (Agr , X.Y) JFx. 
k=1 
Using above relation we obtain 


ay? ee 
Z tg (h(X,¥), 4 (Ey, E))} = = (tr. Ax) & (see X, Y) (5.21) 
k=) 


i. 
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[Ay = AsF, ] 


q cs 5 
s {g (h(Ei, X), h (Ei, Y)} = a g (Ayr, X, Aur, Y) A & er 3 
as 


q ~~ ~~ 
S tg (h(E, JX), h(E, JY)} Sg (Ais IX Aue JY) 
i=1 os 


SE 2(ar, X) Ae (6.23) 
k=) 


[... M is mixed foliate] 


Using (5.19), (5.21), (5.22) and (5.23) we get 


q ~ ~~ 
S* (Xs, Ys) = Agee g (X,Y) + » 2g (Aur, X, Ase, Y) 


wat 


Lea cg (X,Y) + 2 SS & (Ax Fx, Ay Fx). 


k=1 


In the proof of Proposition 3.7 we have g (Ax V, AyW) = 0, hence the above relation 
transforms into 


+ 1 
S*(X.,¥,) = EF e (X,Y) 
which gives the result. 


Theorem 5.2—Let M be a foliate CR-submanifold of a complex space form M (c) 
of constant holomorphic sectional curvature c. Let =: M-— Bbea submersion of M 
onto an almost Hermitian manifold B. Then M is D-totally geodesic if and only if the 
scalar curvature of B satisfies 
Bee PAP eEy) c 
ProorF : Since M is foliate, D is integrable, h (E;, JE,)) =Jh(E;,E;)) and also M is 
D minimal’. Therefore from (5.20) we get 


=P(p+ie+2 & lh, EDI 


which proves the theorem. 


ONA WAWNS 
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In this paper, we introduce the concepts of (i) Stable near rings, (ii) Pseudo 
Stable near rings and (iii) Mate functions ina near ring. We make use of 
(iii) to discuss the properties of (i) and (ii). We obtain necessary and sufficient 
conditions (a) for Stable and Pseudo-Stable-near rings to be near-fields and 
(b) for Pseudo Stable near rings to be Stable. 


1. INTRODUCTION 


A near ring (VN, +, .)—more precisely a right near ring—is an algebraic system 
with two binary operations such that (i) (N,+) is a group—not necessarily abelian 
(with 0 as its identity element) (ii) (N,.) is a semigroup (we write xy instead of x . y for 
all x, y in N) and (iii) (a + b)c = ac + befor all a, b, cin N. Throughout this paper, 
N stands for a near ring with atleast two elements. E denotes the set of all idempotents 
and L is the set of all nilpotent elements of N. 


Na = {n © N[n(x + yp) = nx + ny for all x, y in N} and N, = {n € Njn0 = 0}. N 
is zero-symmetric ifN = N,. We write N = N, (0) when N = No and L = {0}. If 
S is any non-empty subset of N, then (i) C (S) = {ne Nj/ns = sn for all s in S} (We 
write C (x) for C (S) when S = {x}) and (ii) if0 € , Sona Se {0}. 


Basic concepts for a near ring and terms used but left undefined in this paper can 
be found in Pilz’. In this paper, all near field are zero-symmetric. 


2. STABLE AND PSEUDO STABLE NEAR RINGS 


Definition 2.1—We define N to be Stable if for all x in N, xN = xNx = Nx. 


Examples 2.1.1—(a) A near field is obviously Stable. 


(b) The direct sum of a 
near field with itself is a Stable near ring. 


Remark 2.1.2: The Definition 2.1 demands tha 


| t a stable near ring is zero- 
symmetric. 
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Remark 2.1.3: We consider the following near rings which can be easily obtained 
from any given group (N, +): 


(i) The trivial near ring (N, +, .), with a.b = 0 for all a,b in N, certainly 
satisfies the Definition 2.1. But it is too trivial to be of any interest. 


(ii) The constant near ring (N, +, .) has the semigroup operation ‘.’ defined as 
follows: a. b = a for all a, b in N (or equivalently a.0 = a for all ain N). Since our 
assumption is that N has atleast two elements, it is easy to observe that a constant 
near ring is an example of a near ring which is not stable. 


(iii) When N + Z,, the near ring (N, +, .) with “a. 6 = a for all a in N and 
for all b in N* and a.0 = 0” also serves as an example of a near ring which is not 
Stable. 


The examples (ii) and (iii) above will Serve as easy examples of a more general 
structure to follow. 


Remark 2.1.4: If N is Stable, it is readily Subcommutative i.e. xN = Nx for 
all x in N. We show by an example that the converse is not true in general : 


Exampie 2.1.5—Let (N, +) be the familiar group of integers modulo 8. We de- 
fine ‘.” in N as follows as per scheme (48), p.343 of Pilz! 


OMe dS y 6 ae 
eli Oi ess ytOr & FOr 0 (0h 4-0 
lis NeOnee eae 4 oh? 0-824. 2-6 
alee ede Oe 4 0 4 OY 4 
Jel Om thom gh Gad, Omit bat AP te 2 
S00 0 OF 2 08er 10" MeOee” 0 
Delt ied 7h uot | ieee eae Go eee ef 
Gu imOe eae 0) 4.90. 64% Soe 84 
a | Ome baat fetes 0 el 6 deine? 


(N, +, .) is a near ring which is Subcommutative but not Stable. 

Definition 2.2—We define N to be Pseudo Stable (Reverse Pseudo Stable) if 
aN = bN > Na = Nb (Na = Nb > aN = BN) fora, 6 in N. 

We write ‘N has (PS)’ (‘N has (RPS)’) whenever N is Pseudo Stable (Reverse 
Pseudo Stable). 


Remark 2.2.1: The concept of ‘Pseudo Stability’ is a generalization of the con- 
cept of ‘Stability’ in a near ring. We furnish below the motivation for such a genera- 


lization : 
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Let S be a subgroup of (N, +). Then the following statements are equivalent : 
(i)n+S=S4nforallninN. (ii)a+S=b+S=> S+a=S+45 fora, b 
in N. 


(i) is the familiar condition for S to be normal in (N, +) and obviously (i) > (ii). 
To prove (ii) > (i), we observe that for every sin S and for everynin N, n + S 
=n+st+S>S+n=S+n+s >S=S+(n +8 — n) and (i) follows 
since S = S+ x iffx € S. The condition (ii) can be replaced by the equivalent 
condition: ‘(jiii) S+a=S+b>a+S=6+4S fora, binN’. 


Clear as it is, these equivalent “‘normality conditions” are the motivating forces 
for the Definition 2.2. 


Remark 2.2.2—‘Pseudo stability’ and ‘reverse pseudo stability’ are two different 
concepts and neither implies the other in a near ring, in general. Also neither of them 


nor their combination will imply stability in general. Butit is obvious that when N is 
Stable, it has both (PS) and (RPS). 


Examples 2.2.3—(i) Consider the near rings (N, +, # ) and (N, +, .) defined on 
the Klein’s four group (N, +) with N= {0, a,b,c}, where* and. are defined as 
follows (as per schemes (11) and (20), p. 340 of Pilz‘ and these form part of Clay’). 








¢ 0 a b Cc : 0 a b Cc 
era ee Lo 

0 0 0 0 0 0 0 0 0 0 

a 0 b a a a a a 

b 0 0 0 b 0 

c 0 a b a c a c b 


(N, + , *) has (RPS) but is not Pseudo stable. (N, +,.) has (PS) but isnot Reverse 
Pseudo Stable. Neither of them is Stable. 


(ii) The near ring given in the Example 2.1.5 has both (PS) and (RPS) but is 
not Stable. ; 

(iii) The Examples cited in (ii) and (iii) under the Remark 2.1.3 are trivial ex- 
amples of a near ring with (PS). They are neither reverse pseudo stable nor stable. 


= yO for every integer 
0 and WN has Insertion of Factors 


Lemma 2.3—\f xy = 0 for some x,y in N, then (yx) 
r22. If N = N, (0), then xy = 0O>)x = 
Property (IFP). 


_ PROoF : xy = Q > (yx)? = yxyx = yO = (yxy = YxXYX...r times (for all 
integes r>2) = yO. Also when N = No (0), xy = 0 > (yx? = 0 & pero 
Further, for i ek KHON ee ee . 
eck every nin N, (xny) ANY XRY me AMO =O = Xny a0. Hens has 
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Lemma 2.4—If N is Stable, E C C (N),. 


Proor : When N is Stable, we have in particular eN = eNe = Ne for all e in E. 
Clearly then, for every n in N, there exist u and v in N such that en = eue and ne=eve. 
It follows that en (= ene) = ne. Hence the result. 


Remark 2.4.1 : The converse of Lemma 2.4 is not true. The near ring (N, +, .) 
of Example 2.1.5 comes in handy to justify this. As indicated already, N is not Stable, 
but “E = {0} and N = N,” guarantee “E C C(N)”. 


Lemma 2.5—Let a? = ba and b? = ab for a,bin N. Letu, = a — b, up = amy 


and uv; = bu,. If there exist x; ’s in N such that uw = x; ee (i = 1, 2,3), then a=D. 


Proor : We have u,a = 0 = u,b. By Lemma 2.3, we have u> = (au)? = a0 
and u, = (bu,)? = b0. Alsou, = xz uy = x,a0 and hence u, = uj = a0. Similarly 
u, = ub = b0. We observe that ui = u2 — us=u,0, Again, asu, =x1u,, we have 
u, = us = u,0. Therefore, u, a = 40a = u,0 = m. Since ua = 0 we get the desired 
result. 


For our further discussion we need the concept of a mate function in a near ring. 


3. MATE FUNCTIONS 


We introduce the concept of ‘mate functions’ with a view to enable us to deal 
with the regularity structure in a near ring with considerable ease. 


Definition 3.1—Let there exist a map m: N > N such thata = am (a) a for all 
ain N. Wecall m, a mate function for N. m (a) is called a mate of a. 


Remark 3.1.1.: The above definition guarantees the following : (a) If N hasa 
mate function, N must naturally be regular. (b) If N has one mate function, it has 
many more, since every element of N can serve as a mate of O. 


Examples 3.1.2—The near ring (N, +, .) given as an example (of a Pseudo 
Stable near ring) in 2.2.3 admits mate functions. The maps m and g defined on this 
near ring by m (0) = a, m(a) = 0, m(b) = 6, m(c) = c and g (0) = c, g (a) = 5, 
g (b) = b, g (c) = ¢ respectively are mate functions for N. The identity map is also a 
mate function for N. It can easily be verified that this near ring has exactly sixteen 


\! 


mate functions. 


Lemma 3.2—\f N has a mate function ™, then (i) m (a) a andam (a) are idem- 
potents. (ii) Na = Nm (a) a and (iii) aN = am (a) N for every a in N. 


Proor : (i) is a consequence of ‘Definition 3.1’ 
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To prove (ii), we need only to observe that 
Na = Nam (a)a€ Nm(aj)aC Na. 
and (iii) follows in a similar fashion. 


Remark 3.2.1: This Lemma will be made use of throughout this paper. Mainly 
due to this and partly because of the fact that we do not demand (J, .) to have identity- 
one sided or two sided—we have chosen to prove this Lemma separately though it 
forms part of the following theorem : 


Theorem 3.3—Let N have a left (right) identity. Then a map m from N into N 
is a mate function for WN iff m (a) a (a m (a)) is an idempotent and Na = Nm (a) a (aN 
= am (a) N) for all ain N. 


Proor : The necessity of the condition follows from Lemma 3.2. For the suffici- 
ency part, we observe that as N has a left identity, x € N + x € Nx = Nm Coax: 
This demands that for every x in N, there exists some n in N such that x = nm (x) x, 
Since m (x) x € E, we have xm (x) x = nm(x) x = x and the desired result follows. 


As an immediate consequence of the above theorem we have : 


Corollary 3.4—Let N have the identity element. Then a map m:N—Nis a 
mate function for N iff the conditions of Theorem 3.3—either for the case when (VN, .) 
has a left identity or for the case when it has a right identity—are satisfied. 


The Definition 3.1 does not guarantee that m(x) = m(x) x m (x) i. e. x need 
not be a mate of m (x)—(where m is a mate function for N)—for any xin N. But we 
shall show that if NV admits a mate function m, then m gives rise toa mate function 
8, possibly different from m, such that x and & (x) are mates of each other. Before 
that, we have the following : 


Definition 3.5—A mate function m of N is defined to be a mutual mate function, 
if x is also a mate of m (x) for every xin N. We refer to each of x and m (x) asa 
mutual mate of the other. If a mutual mate function m happens to bean involution, 
we call m an involutory mate function for N. 


Remark 3.5.1: (a) Fora mate function m of N to be a mutual mate function 
for N, we just demand that x and m (x) are mutual mates for every x in N. x need not 
be the mate of m(x) under the same m. (b) It is obvious that every ‘involutory mate 
function’ is a ‘mutual mate function’ but not conversely. In the Examples 3.1.2, 
(N,+, .) has m and the identity map as involutory mate functions. If j : N > Nis such 
that A and m agree in N* and h (0) = 0, then his a mutual mate function (but not an 
involutory one) for N. The mate function g is not a mutual mate function for N. 


Lemma 3.6—If N has a mate function m, it certainly has a mutual mate function. 


PRooF : Define f: N > N such that ff (x) = 


m (x) x m (x) for every xin N. 
Clearly then, xf (x)x=xm (x) xm (x) x = f 


xm (x) x = x and hence fisa mate 
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function for N. Also f (x) x f (x) = m(x) xm (x) xm (x) xm (x) = m (x) xm (x) = f(x) 
and hence fis a mutual mate function for N. 


Remark : \f mis a mutual mate function for N, then apart from the results (ii) 
and (iii) of Lemma 3.2, we have m(a) N = m(a) aN and Nm (a) = Nam(a) for 
every ain N. 


Theorem 3.7—Let N be a nil near ring with a mate function m and let g:N~>wN 
be such that g (x) = m (x) [xm (x) + x*-1] for every x in N, where k is some definite 
integer > | such that x* = 0 (k depending upon x). Then g is a mate function for N. 
If m is a mutual mate function for N, so is g. 


Proor : Using the facts that x* = 0 and m is a mate function for N, it is easy 
to get, from straight forward calculations, that g (x) x = m (x) x and hence x g (x) x 
= xm(x)x = x. Thus g isa mate function for N. Whenmisa mutual mate fun- 
ction for N, we have g (x) xg (x) = m(x) x g (x) = g (x) since m (x) xm (x) = m (x) 
for all x in N. Hence the result follows. 


Remark 3.7.1: If Nis an arbitrary near ring with a mutual mate function m and 
if x* = 0 for some x in N, then the element m (x) [x m (x) + x]is a mutual mate of 
o> 


For our further discussion throughout the rest of the paper, we assume that N 
has a mate function m. 


4. PROPERTIES OF STABLE RINGS 


In this section we discuss the properties of a Stable near ring : 
Theorem 4.1—N is Stable iff E C C (N). 


Proor: The necessity part follows from Lemma 2.4. For the sufficiency part, 
we observe that for all x in N, Nx = Nm (x) x = m(x)x N and hence x Nx =x 
m (x) x N = xN. Similarly we get xNx = Nx and the desired result follows. 


Lemma 4.2—N has unique mutual mate function iff E C C (E). 


Proor : For the ‘only if’ part, we suppose that fis the unique mutual mate fun- 
ction for N. Clearly then, fis involutory as both x and f( /(x)) can serve as mutual 
mates of f (x) for allx in N. Also f fixes every element of £. It is clear that for every 
x, yin E, both y f (xy) and f (xy) x serve as mutual mates of xy. The uniqueness 
of f demands that these mutual mates must be identical with f(xy). It is easy to 
observe that f (xy) € E and hence xy (= f(f (xy) =f (xy) € E. Thus (£, .)isa 
sub semigroup of (N, .). Clearly f (yx) (= yx) also can serve as a mutual mate of xy. 
Hence, again from the uniqueness of f we get xy = f (xy) = f (yx) = yx. Hence 
EC C(E). For the ‘if’ part, Lemma 3.6 guarantees the existence of mutual mate func- 
tion f for N. If g is another mutual mate function for N, then for all xin N, g (x) 
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= g(x) xg (x)= g(x) xf (x) xg (x) =f (x) x g(x) x8 (x) = f(x) x8 (x) 
= f (x) x f(x) xg (x) = f (x) xg (x) xf (x) =f (x) x f(x) =f (*) and hence f is 
unique. 

Theorem 4.3—If N has unique mutual mate function / then (i) N is zero-symme- 
tric. (ii) f has the reversal law i.e. f (x, ...... x1) = f (xn). f (xe-)) «... f Ox) 
where xi’s € N. (iii) f (x*) = (f (x))* for every positive integer k and for every x in 
N. (iv) L = {0}. (v) Nhas IEP (vi) Ife € Eand x € Nare such that exe = xe, 
then e € C(x). (vii) EC C (N). 


Proor : (i) For every nin N, define f,: N— N such that f, agrees with fin 
N* and f, (0) = nO. Obviously f, is a mutual mate function for N and hence f, = f. 
Since / fixes every idempotent, the desired result follows. 


(ii) We prove the reversal law for f by induction on ‘k’, the number of elements. 
When k = 1, the result holds trivially. We assume that the reversal law holds good 
for any set of k elements of N. Let x,, ..., x, © Nand for convenience let x = be te 
.... Xk. Let y be any element of N. To get the desired result by simple induction, we 
need only to prove that f(xy) = f (y) f (x). Clearly xy = (xf (x) x) (vf (y) y) = 
x (f (x) x) (yf (y)) vy = x vy f(y) f (x) x y (using Lemma 4.2). In the same vein we can 
prove that f(y) f (x) = f(y) f (x) xy f(y) f (x). Hence f(y) f(x) is a mutual mate of 
xy. As f (xy) is the unique mutual mate of xy, we get f(xy) = FS (v)f(x). 


(iii) follows by taking x = x, = x, = ... = x, in (ii). 


(iv) Suppose x° = 0 for some x in N, we need only to prove that x = 0 (Prob. 
14, p. 9 of McCoy*, valid for N also). Since x? = 0, we have 0 = f(x’) = (f(x)? 
(using (iii)). Clearly then, we have f(x) = f (x) [x f (x) + x] (by Remark 3.7.1 and 
the fact that the R.H.S. is also a mutual mate of x). Hence 0 = f (x?) = (f(x)? = 
FO) Xf (x) + x1 f (x) =f (x) (0 + xf ()] = f(x) xf (x) = f(x). The uniqueness 


of f forces ‘x = 0’, 
(v) From (i) and (iv), N = N, (0) and hence N has IFP by Lemma ?.2 


(vi) exe = xe > (ex — xe)e = 0 = e (ex —-xe) = 0 => ex (ex—xe) = 0 (by 
IFP). Also xe (ex — xe) = x0 = 0. Hence (ex — xe)’ = 0 and the result follows as 
L = {0}, 


(vii) We have for every e in E and for every xin N, (x f(x)e— x f(x))e = 0. 
Hence by Lemma 4.2, (ex f(x) — x f (x))e = 0. By IFP, (e xf (x) — x f (x)) xe = 0. 


Hence e x f(x) xe = x f(x)xei.e.exe=xe and (vi) takes care of the rest of the 
proof. 


3 Theorem 4.1, Lemma 4.2 and Part (vii) of Theorem 4.3 guarantee the following 
result : 


Theorem 4.4—N is Stable iff it has unique mutual mate function. 
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In Remark 2.1.4, we have observed that the Subcommutativity of N does not 


imply its Stability in general. But the fact that N admits a mate function readily guar- 
antees the following : 


Theorem 4,5—N is Stable iff it is Subcommutative. 


Proor : The necessity part is obvious. For the sufficiency part, we observe that 
for every x in N, xN = Nx = Nxm (x) x = xNm (x) x = x Nx. Hence the result. 


Theorem 4.6—The following statements are equivalent : 
(i) Nis anearfield (ii) N is Stable and subdirectly irreducible (iii) Nis Stable and 
none of the non zero idempotents is a zero divisor, 


Proor : “(ii) > (ii)” is obvious. 


To prove ‘‘(ii) > (iii)’’, let EZ, be the set of all elements of E* which are zero divi- 
sors. Suppose £, is not empty. Let / be the intersection of all the annihilator ideals 
of elements in E;. Clearly then / + {0}, as N is subdirectly irreducible (by 1.60, p. 25 
of Pilz’). Ifn € /*, then m(n) n © E, () I*. This immediately leads to the obvious 
contradiction and (iii) follows. 


To prove ‘(iii) > (i)’ we observe that for every e in E*, Ne = Ne? and hence N 
= Ne (= eNe = eN). It follows that E* consists of a single element e say, which 
is the two sided identity of (N,.) Hence for every x in N*, m(x) serves as the 
inverse of x and (i) follows. 


Remark 4.6.1: Several authors have discussed different necessary and sufficient 
conditions for a near ring to be a near field—a list, through not complete in itself, can 
be found in (8. 3, p. 237 of Pilz‘). Theorem 3 of Beidleman!' furnishes one such con- 
dition for a regular near ring. Beidleman assumes the existence of the two sided 
identity. 

Corollary 4.7—If N is Stable, it is isomorphic to a subdirect sum of near fields. 


Proor : From 1.62, p. 26 of Pilz‘, N is isomorphic to a subdirect sum of sub- 
directly irreducible near rings N; ’s say—each of which is a homomorphic image of N 
(by 1.58 Remarks, p. 25 of Pilz‘). Obviously, the defining properties of Stability and 
the existence of a mate function are preserved under homomorphisms. Hence each N, 
is Stable and admits a mate function. Theorem 4.6 takes care of the rest of the proof. 


5. PROPERTIES OF PseUDO STABLE NEAR RINGS 
In this section, we discuss the properties of pseudo stable near rings: 
Lemma 5.1—If N has (PS), Nx m (x) = N m (x) x for all x in N. 


Proor: For all x in N, we have, xN = x m (x) Nand hence Nx = Nx m (x). 
i.e. Nm (x) x = Nx m (x). 
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Theorem 5.2—If N has (PS), then forevery a in N, there exists some a’ inN such 
that (i) a = a’ m(a)a® (ii) f: N > N, with f(a) = a’ m(a), isa mate function for 
N. and (iii) f (a) € C (a). 


Proor: (i) From Lemma 5.1 we have Na m (a) = Nm (a) a for all ain N. 
Fora m(a)in N, there exists somea’ in N, such that am(a)am(a)= a'm(a)a 
i.e. am (a) = a’ m (a) aand hence a = am (a) a = a’ m(a) a’. 


(ii) Letb =af (a)a. Obviously ba = af (a) a* = aa= a® (by part (i)). 
Also 6? = af (a) a® f(a)a= aaf(a)a=ab. These facts together with part (i) 
gurantee that the conditions of Lemma 2.5 are satisfied. Hence a(=b) = a f(a) a 
and (ii) follows. 


(iii) Let x = a f(a) and y = f (a) a. Letustake x — y = wy,aw,,aw, = we and 
xW, =Ws. From (i) and (ii) we observe thet wi a = 0 = w, x. Closely following the 
pattern of proof of Lemma 2.5 we get w, = w? = a0 and xw, (= We = wz) = x 0. 
Since yw, = f(a) w,, we have yw, = f(a)a0 = yO. Thus xw, — yw, = (x —y) 0. 
i.e. wt = w,0, It is now easy to observe that w, (= w? = w;0) = w,a= 0 and 
the desired result follows 


Corollary 5.3—If N has (PS), it has a mutual mate function g which is unique 
with the property that g (a) € C (a). 


Proor : By Theorem 5.2, N has a mate function f with f(a) € C(a). We set 
g:N — Nsuch that g (a) = {(a)a f(a) forallain N. 


By Lemma 3.6, gis a mutual mate function for N. Also for all ain N, ag (a) 
=af(ajaf(a) = f(ajaf(a)a= g (a)a. Hence g has the desired property. 
Suppose / is another mutual mate function with the same property. For all a in N,h (a) 
=h(a)ah(a)=ah(a)h(a) = ag (a)ah(a)h(a) = g(a) ah(a)ah (a) = g(a) 
ah (a) = g(a) ag (a)h(a)a = g(a)g(ajah (aja = g(a)g(a)a = g(a)ag (a) 
= g (a) and the desired result follows. 


Corollary 5.4—If N has (PS) and is zero-symmetric, N has IFP. 
Proor: Following the notations of Theorem 5.2, we observe thata = af(a)a 


a* f(a). Since a? = 0 > a = Owe have L = {0}. Thus NV = N, (0) and the de- 
sired result follows from Lemma 2.3 


Theorem 5.5—\f N has (PS), xN = xNx for all x in N. 


Proor : Fore in E and n in N, leta = en and b = ene. Clearly then, ab 
= (en) (ene) = ene ene = b2 and ba = (ene) (en) = enen = @?. These facts together 
with part (i) of Theorem 5.2 guarantee that the conditions of Lemma 2.5 are satisfied. 
Hence (a =) en = ene (= b) for allein E and for allnin N. It follows easily that 
e N = eNeforalle in E. Thus for all x inN, xN=xm (x) xN = x (m (x) x N) 


= x (m (x) x Nm (x) x) = (x m (x)x) Nm (x) x = x Nx. 
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Theorem 5.6—The following statements are equivalent: 


(i) Nis Stable. (ii) N has (PS), N = Noand EC Na. (iii) N has (PS) and 
ne = ene for allnin N and for all e in E. 


Proor: ‘(i) = (ii)’ is obvious. 


To prove ‘(ii) + (iii)’, we first observe that N = N, (0). Hence e (ne — ene) 
= 0 > (ne — ene)e = Oi. ec. ne = ene for all e in E and for all n in N. 


To prove ‘(iii) > (i)’, we need only to appeal to Theorem 5.5, we have then, en 
(=ene) = ne. Thus E C C (N) and (i) follows from Theorem 4.1. 


Thearem 5.7—If N has (PS) and N = N,, then N has a mutual mate function g 
such that for all x in Na, g (x) x € C(N). 


Proor: The mutual mate function ‘g’ introduced in Corollary 5.3 comes in 
handy to serve the purpose. For every” in N and for every x in Nu, we have, 


xng (x) x = x g (x) xng (x) x = x (g (x) x ng (x) x) 
= x g (x) x n(from the proof of Theorem 5.5). 


Hence x (n g (x) x — g(x) x n) = Oand since N = N, (0) we have (n g(x) x 
— g(x)xn)x =0. By IFP we have, (ng (x) x — g(x)xn) g(x)x =0. Thus 
ng (x) x = g(x) xng (x) x = g (x) xn. and the desired result follows. 


Theorem 5.8—When N is a ring, it is Stable iff it has (PS). 


Proor: If gis the mutual mate function of Theorem 5.7, we first observe that 
g(e) = eforallein E and since EC N = Na, we get e =e? = g (ele € C(N). 
Hence N is Stable by Theorem 4.1. The ‘only if’ part is obvious. 


Theorem 5.9 —Let N be zero-symmetric. Then A isa near field iff it has (RPS) 
and none of its non zero idempotents is a zero divisor. 


Proor : For every e in E*, we have Ne? = Ne and hence Ne = N. This guaran- 
tees that every e in E* is a right identity. Since Nx (= N) = Ny for all x, y in E* and 
since N has (RPS), we have xN = yN. Hence xy = ys for some sin N. i.e. x = ys. 
Hence y = yx = y’s = ys = x and consequently E* consists of only one element, e 
say. For every nin N*, we must have nm (n) = e = m(n)n. It follows that e is the 
two sided identity of (N, .) and ™ (n) is the inverse of n. The converse is obvious. 


Theorem 5.10—Let N = N, be Pseudo Stable. Then Nisa near field iff none 
of the non zero idempotents is a zero divisor and atleast one of them is in Na. 


Proor : As in the proof of Theorem 5.9, every e in E* is aright identity. Let 
d€ E*Q Na. We observe that for all ein E*, d(e — d) = Oand since N = N, (0) 
(from the proof of Corollary 5.4), we have (e — d)d = 0. Hence e = d. Clearly then, 
E* = {d}. The rest of the proof is exactly as in the proof of Theorem 5.9. 
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We conclude our discussion with the following : 
Theorem 5.11—N is a near field iff all possible mate functions of N agree in N*. 


Proor : The ‘only if’ part is obvious. For the ‘if’ part, we first observe that 
every element of Nisa mate of x0 for all x in Nand as such x0 & N*. Hence N 
= No. Also for every e in E* and for every mate function m of N, m(e) =e. If xe 
= 0 for some x in N, it is clear that both eand x + m (e) serve as mates of e. This 
forces x == 0 and as such none of the non-zero idempotents is a right zero divisor. It 
follows that every e in E* isa right identity. For every x in N* both x m (x) and m(x)x 
are in E* and serve as mates of e. Thus we have x m (x) = e = m(x)x and hence e x 
=x = xe. (Alsoe0 = 0 =O0eas N = QN,). These facts force E* = {e} where e is 
the two sided identity of (N, .) and the desired result follows. 
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DEGREE OF L,-APPROXIMATION TO INTEGRABLE FUNCTIONS 
BY BERNSTEIN TYPE OPERATORS 


Quasim RaAzi 
Department of Mathematics, Aligarh Muslim University, Aligarh 


(Received 13 October 1986; after revision 25 February 1988) 


This paper deals with the degree of L,-approximation to integrable functions 
by integrated Meyer-Kénig and Zeller operators in terms of the L,-modulus 
of continuity. 


1. INTRODUCTION AND RBSULTS 
It is well known that the mth operator Mn, n € N, of Meyer-Kénig and Zeller is 
associating with a bounded function f:1=[0,1]— R the so called nth Bernstein 
power series 


Me, 3) = SS Mn sk wo t(<ez) Pi} 


k=0 


where 


Mask (X) = ( ‘ iS 4 ) RS eed 


converging for 0 <x < l. Meyer-Kénig and Zeller* proved that the sequence 
(M,)nEN gives a linear approximation method on the normed space (C (J), || - |loo) 
(with || - ||. the usual supnorm on I), ie. lim ||f — Mnf lleo = 0 for all f € C (J). 


"l— co 


Its degree of approximation can be estimated by Lupas and Miller’. 


31 1 
If — My Sflleo <2 Wu (f ze)@e™ 
where Wise (f,° ) 18 ordinary modulus of continuity of f with respect to the 
sup-norm. 
A small modification of Meyer-K6énig and Zeller operators due to Miiller makes 


it possible to approximate Lebesgue integrable functions in the L, norm by the inte- 
grated Meyer-Konig and Zeller operators. 
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k+l 
A CO. UO k+n+1 
M, (f, x) = = Mnsk (X) i f (t) dt 
k+n 


where 


Ii. (x) = (8 + 1, (rea ) tt = x)" xt 


The L, analog of Meyer-K6nig and Zeller’s result was established by Miiller® 
who has proved that for every Lebesgue integrable function f on [0, 1], 


MEG a) cof @) dix es On aes), 


As far as estimates of the degree of approximation to Lebesgue integrable func- 
A 


tions by the operators M, (/) in the Z; norm are concerned, very little is known. A 
result which gives the degree of approximation of f by some Bernstein type operators 
for a very special class of Lebesgue integrable functions f is due to Leviatan®. 
Leviatan’s result may be stated in our notation as follows : 


If f is a Lebesgue integrable function on [0, 1], of bounded variation on every 
closed subinterval of (0, 1), then 


f |My (fx) — f(x) [de < Qe (fF) 2-2 
where 
J(f) = j Vx (1 — x) | df(x)|. 


This result is useful when J (f) < co, 


In this paper we shall show that 
1 A 
j Vx(l — x) | Mn (f, x) — f (x) | dx 
can be estimated in terms of the Z, modulus of continuity 
1 
; ho £ , _* " 
we (f, 8) sop ts (sr = Pieper open 


We assume here and in the rest of the paper that the function f is extended to 


(—, 20) by periodicity with period | (its value at the integers is immaterial). The 


ZL; norm with weight function w (x) = Vv (1 — x) seems to be a more convenient norm 
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than the usual Z, norm for the study of approximation properties of integrated 
Meyer-K6nig and operators. 


Our result may be stated as follows. 


Theorem 1—Let f be a Lebesgue function on [0, 1]. Then, for n > 2, 


— 


fF vx(l— x) | My (f, x) — f(x) | dx < AE we (ft) + 0 (rr?) 


3 
pati ah 
where 


we (fe) = sup {F)f(x +) —f(@) | des] 1 <3). 


The proof will be tailored specially for the case of the Zi norm and follows ideas 
in a paper by Bojanic and Shisha’. 


2. LEMMAS 


The proof of our theorem is based on two lemmas. 


Lemma 1—If f is a Lebesgue integrable function on [0, 1], then, forn > 2 
(n € N) and x, t € [0, 1], we have 


x1 — x}? (Mea (9) - £0) 


E True 
<> 1g (fe — x} (f(x +t) — f(x) at. 


Proor : We have 


ie GF x) f — K, (x, t) f (t) dt 





where 
fore) A 
K, (x, 1) = E mye (%) rk et ) 
n+k—1’ atk 
re k (k + 1) 
x : k+1 ] (t) being the characteristic function of ia ten oe A 
eres ~ ktR 


By partial summation we find for s € N, n > 2and x,t € (0, 1] that 





5 A 
Do mMy-1yk (X) % k k+1 ] (1) 
#3 leet  k+n 


(equation continued on p. 1220) 
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a E tees k-1 (x) a wate (x)) Xx k (t) 
oe [ °. k+n-1 ] 


a mae (x) T 0 stl (t). 


> n+k—-1 
Since 
ad k-1 (x) ae nee (x) ep Se: ( 5 ‘ a ee (1 a xy 
—n (Sere arc — x)r-} 
a I ( n+k—1 = (Seances 
raid lol ) k 
x Oe le 
Eee -* | a-a 
and 
lim nee (x) > 0 
5700 
we have 
x (1 — x)? (m,-1, K-1 (X) — my-15k (x)) 





=n ("Ee ) ao (—4, = 


k 
= fa) ay a ) 
Now it follows that 
X:(be x)eK, (xe 8) 


2 Ss TGetO = a x |x Raed (7 
k= [°, atESTA 


Hence 


x (1 — x)? M,. fx) 


k 
_. >, Mm @) (—#E - x) f ss 


k=0 0 


(equation continued on p. 1221) 


BERNSTEIN TYPE OPERATORS 1221 


k 
ee) n+k—1 
k 
= > A Mask @( — xX ) | f (t) at. 

k=0 oe 

Thus, the proof the lemma is complete, since 
k k 
n+k— k— 





1 x n 1 
J f(i)dte= J f(dt + Ei f (t) at 





a N: 


x + 1 
eat AAQN Zs: J f(x+ t) dt 


and 


‘ k 2 Wether), 
>: ( eye -x} Waste. (xpome x (Lex) 


keO 


+ O (n-%). 


Our second lemma is a more precise version of the known inequalities [see 
Sikkema® (431-435), Miiller’]. 


Lemma 2—For n > 2 and x € [0, 1] we have 


3 


k™0 


k 


Say eee x “Mask (x) << x (1 — x)?/n5!? O(n"). 
n 








Proor : We have 


SS faa = x|' me @) <( > (=~*5 -x) May (X) J! 


=) 


(> (ate -+) meen)” 


k=0 











and the result follows, since 


S (ate +) meo- Sree) me 


k=0 k=0 


(equation continued on p. 1222) 
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co re 3 
= >t (eee 
k=0 


X Mask (x) + Sis: (<5) (x) — 3x4 


k=0 


3x? (1—x)? 
n 


=x x*+ 


aoxyt (1 = 3(}—x)2 
4 +H xe tl 2x Liat) 4. 3% (i—x) 


n* n 
i 3x? Sect Reine Lie 
a 3x? fe a 3x? te | 
~ 4x| ij oe O at 


4 2 (l-—x)? (l-—2x + we] 


n 


“ ve 2 
+} 6x*| Ba hed at 








n 
rf ca |- 3x* + O (n-3) 
yi 
~ Ur 5 O (n-8) 
< Cox + O(n-3) 
and 
oo k “ co : 
ee <a k : 
< k 
5 
Do &x( tz) Mask (X) 





co 
k 4 
+> t5x( 
Pa - Seal 


(equation continued on p. 1223) 
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co 


X mgt (2) — SS 20x4 (eg) mua (0) 


k-20 


+ yy 15x* ( Og y My k (x) — 5x8 








for x € [0, 1]. 


3. PROOF OF THE THEOREM 


Let x € (0,1). By Lemma 1 we have 


x (1—x’) | Mea (f ) —f (0) | 




















k 
fore) n+k—-1 ioc 
<> amc |\—ee-*|| f  Fe@+n-sende 
k=0 0 
ae 
os n+k—1 
<Snm@|-ee-x| | ir@to-sey lat 
k=0 k a x| 
 |atk=1 
[1/8] 
< x T ast (x) 
r=0 
where 5 € (0, 1) and 
pa | 
Tyr (x) = k = Mnyk (x) n+ k x 
rs< a —x|<(r+1)8 
ntk—-1i1 x| 
i f(x + 1) — f(x) | dt. 
=o Gan Fa 


Clearly 
(r+1) 8 
Ingr (x) < S, (n, 8; x) ee aeaey) | 


(r+ 
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where 





k 
S. (n, & x) = | 2 ne (2) | ge | 
ee lacy «| St 


Hence, it follows that 
A [1/3] 
x(1 — x)? | M,-1(f,%) — f() |< Ea S, (n, 8; x) 
r= 


(r+1)8 
i) | f(x + t) — f(x) | at. eg 
— (r+1)8 
Next we shall estimate the coefficient S, (n, 3; x) forr = Oandl<re< [1/3]. We 
have first 








res : p 1 rings (X) | 7? 
Coo 
<>) nn (| Ee ts 
k.0 1 ntk 
< nl? x (1 — x) + O(n). Aia3) 
Next, for 1 < r < [1/5], we have, by Lemma 2 
S, (n, 8; x) < n(r + 1)-4 8-4 
rd < ats — -x|<(+s 
k 5 
nek *| sk) 
< k 
5 
<n(r + 1)-4 3-4 Ss Peas — x} rae (x) 
k=0 7 
<8? x (1 — x)? (r + 1)-4 8-4 + O(n79), mn Ee) 


From (3.1), (3.2) and (3.3) it follows that 


Vx(L— x) | Mei (fx) — f(x) | 


§ 
< mi? i | f(x + t) — f(x) | dt + 1/2 n-3/? 5-4 


. Oe ( +1 iy 
r ¥ oe 
nt ~(r+1)3 TO ad CO teas 
+. O (n7*), 
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Integrating this inequality and taking into account that 


(r+1)8 


Be ie Fda ahs 2.00 + 1) Sw, (Lr + 108) 


we find that 


f vx (1 = x) | My (f 9) — £9) | ae 


[1/8] 
Bed a Meath ties tate SMe til) * we fAr pad) Phil 
r=1 x 


+ O(n-*). 
Choosing here 6 = n-1/*, we find that 


fvxd—9| Mah =f | ax 


6 


1 ei 12 


[1/n~1?] 
Spr Bata mers Me. Ie we (fr + Vin'l’) 


r= 


[1/n-2!2] +1 
<2 = k-3 wr (f, k[n'l?) + O (n-”). 
k=1 1 
Since the L,; modulus of continuity is a subadditive function, we have, for every 
0 < hy < hy. 


2wi (f, hy) we (f, ha) 
h, Fi h, 
(see Timan?®, p. 112). In particular we have, for | 32> ae | 


we (f, kin?) < 2k wy (f, nF). 





Hence 


A ey PMCS at) Pde 


0 
lo a) 
<4 WL Cire y a2 k-? + O(n-*) 
k=1 


< cee we, (f, n-'2) + O (n-*) 3.4) 


and the theorem is proved. 


Since the expression (1.2) for integrated Meyer-Kénig and Zeller operator is a 
strict inequality for all 7 while in the case of Bernstein-Kantorovitch operator the 


equality may also hold for some 7, the approximation of functions given by integrated 
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Meyer-Kénig and Zeller operator for some n is better than that given by Bernstein- 
Kantorovitch operator. 


A 
Remark : The degree of approximation for operatar M,(f; x) cannot be 
improved further. For the value of the constant ¢ for which 


J vx(l— | M, (fx) — £00) | dx < ewe, (f, 2) + O(n") 
| ...B.5) 


is always less than 27*/3. Moreover c > 1, which can be seen from the following 


example. Let 6, = O Vv (In) and suppose that f, (x) is the function which is equal to 
zero at Xo, O < X)9 <_1, equal to | in [0, x» — 5,] and [x, + 5,, 1] and linear in the 
rest of [0, 1]. For large n, we have wz, (5,) = 1 for f, ; also 


| My (fsx) — fa (X0) | = My (fs 0) > - My-tok (%0) 
| Gna ~* 
= 1 —e,. mae A) 


Therefore (3.5) can not be true if c < 1. 


The function 7, (5) can not, therefore, be replaced in (3.4) by any other 
function decreasing to zero more rapidly. 
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TRANSIENT MAGNETOTHERMOELASTIC WAVES IN A HALF-SPACE 
WITH THERMAL RELAXATIONS 


DAYAL CHAND AND J. N. SHARMA 
Regional Engineering College, Hamirpur (HP) 177001 


(Received 15 December 1987) 


The distribution of temperature, deformation and magnetic field in a homo- 
geneous isotropic, thermally and perfectly electrically conducting, elastic 
half-space, in contact with the vacuum, has been investigated by taking 
(i) a step in stress and (ii) a thermal shock at the plane boundary, in the con- 
text of Green-Lindsay theory of thermoelasticity. The Laplace transform on 
time has been used to obtainthe solutions. Because the “second sound” effects 
are short-lived, so the small time approximations have been considered. The 
deformation and temperature are found to be continuous at the wavefronts 
whereas the magnetic field is found tobe discontinuous in the case of nor- 
mal load. But these quantities are discontinuous in the case of thermal shock. 


1. INTRODUCTION 


The magnetothermoelastic disturbances in a perfectly conducting elastic half- 
space, in contact with vacuum, due to an applied thermal disturbance on the plane 
boundary were studied by Kaliski and Nowacki! in the absence of coupling between 
temperature and strain fields. The problem! was also considered by Massalas and 
Dalmangas’ by taking into account thermomechanical couplings. The problem’ was 
then extended to generalized thermoelasticity theory developed by Green and Lindsay’ 
involving two relaxation times by Chatterjee and Roychoudhuri’. 


In the present paper the distributions of deformation, temperature, and perturbed 
magnetic field, from (i) a normal load and (ii) a thermal shock acting on the boundary 
of an half-space, are obtained by employing generalised theory of thermoelasticity 
developed by Green and Lindsay*. The Laplace transform® technique is used to 
obtain the solutions. As the “second sound” effects are short lived, so small time 


approximations have been considered. 


2. Tue ProsLeM AND ITs SOLUTION 


We consider a homogeneous isotropic thermally conducting elastic medium at 
uniform temperature To, in contact with vacuum. We suppose that an initial magnetic 
field is acting along x-axis in both the media. The simplified linear equations of ele- 
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ctrodynamics of slowly moving bodies for a perfectly homogeneous conducting elastic 
medium are 








> os 4n > > > Rone Lo > 
Vx A = Pa JI, VX E= . h 
v.h =0, E a (u x Ho) ca(t) 


where h denotes the perturbation of magnetic field, va is the elastic current density 
vector, E the electricfield, H, the initial magnetic field, u the displacement vector, p15 
is the magnetic permeability, and c the velocity light. The superposed dot represen ts 
the differentiation with respect to time. 


The equations of motion and heat conduction in the context of Green and 
Lindsay theory® of thermoelasticity are 





evn tA+H0y. u+th (Vx h) x Hl 


~y(v¥o+aV6) = Pu ...(2) 
and 


PC, (6 +2* #2) +7 TA = KG (i,j = 1, 2, 3). mer) 


where A, » are the Lame’ constants, y = (3A + 2u) ar, ar the coefficient of linear 
thermal expansion, @ = T — Ty, T the absolute temperature, 7, the uniform tempera- 
ture of the body in its natural state, K = Ar Cz, Ar represents the coefficient of heat 
conduction, C, the specific heat at constant strain, P the mass density, C, the specific 
heat at constant volume, and «, «* are thermal relaxation times. 


For Hy = (0, 0, Hs), eqns. (1) become 











* H. ahs: c oa aR 
E — Ho 3 0, ; 0 : h a = bade, 2 
= 0, u, 0) me ho GD. 
a Cc dh 
aes = (0,— ie +0), ...(4) 
and eqns. (2) and (3) become 
eu 06 09 t. 
A y) 2 or BAS ae ee bee 
(A + 2p + agp) Ox? Y ( ox, ee Ox, OF ) = Pu, PalloeL) 
00 6°6 a? y 06 
C. ( My Kes . —s ) f Meet Lee = ———. 
p ares are) TT. Ox, Ot S ox? e2) 


where a) = \/(4) H2/4zP) is the Alfven wave velocity. 
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For convenience, we shall use notations u, = u, x, = x. In vacuum, the system 
of equations of electrodynamics is expressed as 
a 1 @ A a? 1 2 ’ 
Se pean) ts SO pee gt gam) B= 9 GS) 
where x’ = — x. 


The components of Maxwell’s stress tensors in elastic medium 7,,, in vacuum 7?, 


Ta = Tis) = GSU Hy + hy Hi — Bis (h. AY) tajer 
=o fz hs Hs ol) 
Fei pee Ty, licjay = fon [Ao Hi +h) Mi — 3y CeiaEieea 
ae 3 i (6.2) 
eee hh) — ety. (6 + « 6): AD) 


Normal load at the Boundary 


The boundary conditions in the case of normal load acting at the plane boundary 
are given by 


64 +71, re Ti: =o, H(t), atx =x'=0 


...(8) 
E, = E?, atx =x’ =0 ...(9) 
6(0,t) = 0,atx =x’ =0 01) 
where H (t) is Heaviside function. 
Introducing the dimensionless quantities 
n= Cox | kt = c3 tik, U = (A + 2p + a0 P) uly Tok, 
Z = 6|/To, € = 2 TolCs (A + 24 + G3 P), 2’ = av®, a®’ = oF w® 
where 
c? = (A + 2u)/P, c2 = a3 + ci, k = K/PC,, o* = PC, co/K 
C, = PC,. 
Equations (5.1), (5.2) and (5.3) become 
Oren eee ~ 'O'for 4 > 0 (11) 
an? ay, Gn Ot ot? 
eZ eh an jes ey 


itp sole le ON = 4 ——— = 0 for. 7 > 0 12) 
on? ot Or? * ay Ot 
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2 po 2h? 
(34 _ B Gat) = 0 for x’ > 0 


where 
1 ee me B = Cyc. 


The initial conditions 
u (x, 0) = 0, @ (x, 0) = 0, (x, Oe 0, 
i 
in the new variables become 
U (n, 0) = 0, Z(n, 0) = 0, ~ (y,0) ath: 
The boundary conditions (8), (9) and (10) become 


0U , 6Z 0 — = ‘= 
ay ae Ge + Bi hs H()/yT) = 0 at x n 0 


eu Chg 7» ees 
ae Gn! = 0, at y=7' = 0 
where 
Ou 7 
aro ax | 
Bb, = wo Hz yTo/Pc? ( 
B. = H/4nyT, | 
and | 


Z (0, t) = 0. J 
We consider the potential function ¢ defined by 


og 
U = at 


Putting (18) into (11) and (12), we get 





6Z oe? e? 
7 Doo var fy eae Agee 
(n, 7) + o = ( Dat ) $ forn>o 
and 
AZ sS0Ze hae a 
yt Ge ae” * Seay TO for n> 0. 


Applying Laplace transform to eqns. (19), (20) and (13) defined by 


f: (s) =f i (t)e-* dt 


etek 


...(14) 


mid ha 


...(16) 


sec EZ) 


...(18) 


...(19) 


...(20) 


wee) 
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we obtain 


we 0? ~ 
(+ a’ s)Z =(a--5*) ¢for » >0 





o? = rae os 

(ar —s-ats) Za. s =f for) > 0 
h$ = Cz e-®” for 7’ > 0. 

Using (18) into (14), (15) and (16), we obtain 


$ (n,0) = 6, 28% 9, Be (r,0) 
n On? 

eo 3 

ae (2+ 5) + BAS — 0 H()nTo = 0 fory = 0 


=0 


ah ha hs ' 
B» “Or? aN on Sr = 0 for » = N = 0. 


Applying Laplace transform to eqns. (26), (27) and (17), we get 


Ce —_ = 

oe — (1 + «’s)Z + B, AZ — %/yTos =O at y = 0 
Ee eh? ; 

“or se peer Ce le i 


Z (0,5) =0 atn = 0. 
Eliminating Z from eqns. (22) and (23), we get 


a - [Itets (1 +.a% + ex)]s art s(1 + sa*’) 


¢ = 0 for y> 0. 
The general solution of (31) which vanishes at  — o¢ is given by 


= =A," -j 14 
¢ (y,5)=Cie * + Ce ® forn>0 
where Aj, A, are the roots of eqn. (33) 
M—sflte+ts(l + a* + ea’) A? +57 (1 + 0%’ s) = 0. 


From equations (22) and (32), we get 


Fy tie 
Z (us) = qeaqy Gt — e+ Gk— se") 


for n>0 .. 
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(23) 


sah2a) 


...(24) 


...(25) 


...(26) 


i (27) 


(28) 


as 4) | 


...(30) 


EIS) 


062) 


...(33) 


(34) 
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Using (32) into (28), (29) and (30), we get 


a (Ci + C.) + B, C; = oolyTo satyn= 7 =0 Bek Ee) | 

B, s (C, Ay + C, A) —BC, = 0 at yn = x’ = O ...(36) 

Ci (AZ — s*) + C, (AZ — s*) = Oat y = 7’ = O, ...(37) 
From equations (35), (36) and (37), we obtain 

Ci; = — of B(A? — s*)ly Ts? A, C, = 6 8 (Ai — s*)/y I, s* A, 

Ca = oo By (Ay — Aq) (Ay A + 58°)/yTy SA ..(38) 
where 

A = (A; — dz) [Bi Be 5? + Bs (Ay + Av) + Bi Be Ar Ad). ED, 


The equations (38), (32), (34) and (24) provide us 


o> BIAS — s?)e “2” — (a8 — sve 7] 





Pie er Th Gs = Aa) [Bi Bao > Be Ge 
4 = OD ...(40) 
Z (1, 5) = PO — SARs) eM) 
as y To s* (1 + a's) (Ay—Ag) [B; Bo s* +-Bs (Ay + Ac) + B,BoArAb] 
7>O0 ...(41) 
Cae o.Bs (i As srs’) eae Se ee ae 
ox Cin) oS [81 By S* + Bs (Ar +A,) + B, Be Ay Ag] 7 = ) 
The transformed displacement is given by 
U (n, 5) = oof [Ai (AZ — s*) e72" — Ag (AE — ste *2"] 
Ms y Tos? (A, — Az) [B, Be s* + Bs A, +A) + B, BA Ad] 
n> 0: ...(43) 


3. SMALL Time APPROXIMATIONS 


The dependence of A;, A, on s is very complicated and hence the inversion of the 
Laplace transform is difficult. These difficulties, however, reduce if we use some approxi- 
mate methods, As the thermal relaxation effects are short-lived so we confine our 
discussions to small time approximations, i. ¢., we take s large. A similar approach 
was used by Sharma‘® to study the thermal shock problem in generalised theory’ of 
thermoelasticity. Now the roots A; and A, of eqn. (33) are given by 


Ans =SVi. + Bie + Di, (1/s) + O (\]s?) ...(44) 


where 


Vin = (Ky MPP 2 (45a) 
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By = [K, © (K, Ke — 2) 2/2 V2 (K, + Pry ...(45b) 
D2 = {+ Ki]? = (K, K, — 2)?/T? — (K, = (Ki K, — 2)/P"*)*/ 
2 (K, + IM"")}/4 f/2 (K, + My? .. (45c) 
and 
Tom K? — 40° ml + x’ — a*)? + 40! 0*’ ...(45d) 
Ki =1+6¢ K,=1 +60’ + a*’, ...(45e) 


Again (1 + ea’ + «*’)? > I'sothat 1/V? > 1/Vz or V, < Vz. 


Thus V; corresponds to the speed of the slowest wave and V, to that of fastest wave. 
Therefore, the points of the solid for which » > V. + do not experience any disturbance. 
Also from equations (45) we see that as «’ = a*’ = 0,V, > | and V; > 9. But this 
corresponds to the case of conventional coupled theory of thermoelasticity, which pre- 
dicts an infinite speed of heat propagation. Thus we conclude that the wave propagat- 
ing with speed V; must be elastic and that propagating with speed V,is the thermal 
wave. The third wave travelling with velocity co as the Alfven acoustic wave. 
Equations (40), (41), (42), and (43) with the help of (44) provide us 


tas) = wen {oor® P+ (7B 4 ithe A ps 











7T> Vi V; V3 s4 
1 ap, (1 — V3) P’ (4 ad 
+0(z)fe beta eta 
eM they hVs ts ( aby Saee 
+. Ser 4 a = +O a ) e ...(46) 
= M, P’ ; P M, P’ 1 
1 Pe BAGS 
9) (ese ) |te meg at (47) 
¥ Cee: So B, ne {( $3") 
Bre || taper) s tN eames 
BABI YL 4 o(L yew ts 
+ ‘3 VV, eth O(-—)/é ...(48) 








7 , dy 8B lee Very 2 Bis) a) P 
O(n 8) = vr, {( ViVi le 1( Tacagec yt V Vaden 
ae} reo" 
(rrr) 2 fet olan) 
1 —V?\ P’ Bete Vie 28 pe 
-{(FyA)EH SH +H) P 


Fs (Tat )o } = eG ( ot i} pag) ] (49) 
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where 
pat 4 Oe 
B, B, Bi BE Vive BB, Vi VE BE B3 VV? 
l | B4 (VV, + V,)4 
VV, + vive +t ps Vers 
Bee ol (4 ie wl 4 i 6) ..(50) 
Bi B2 Ve Ve 8: B, V, Ve 
Peme ee See MAE ad Uo 
B; Be 6; B2 VV, Vi V2 
i 26 {@ + V,) (B, Vi + Be Ve) Pr (B, + B2) 
8, B. Vive VV 
a OE Oe Pot ie Bs) a 2 (B, V, +B, V2) = 38 
Bf 63 ViV;3 VV BF Bi 
x {% + V.)? (BV, + Be hi Vales 2 (B, + B.) (VV, + Ve) 
vive envi aes 
a 44 (V,; as V2)3 (B, + By) _ B (Bi + B,) 
Bt 6% ys v3 B, 8, Pa Ay 
Fa ee BV rae el ) 
“i VV, Vere 
\ 
M, = — 282 _ _2(BiVe+ BV) | 
Viv: VV, J ne(52) 
and 


P’= Vi Vs P/V, ae Vi), Q' Tz [V, V2 Q/V, a V,)) 7 [Vi V3 (2, i B,) 
PIV, — V,)"). ...(53) 
Inverting the Laplace transforms for small times, i.e., for large s, eqns. (46), (47), 
(48) and (49) provide us : 


1 po 2 


b(n0) = SHE 1 AE) pe — aid HG — ar, 


2B; PS Vise Vee os 
V, + pa 2 ) — 1]V2)> H (+ —xIV)e < 





23; Piel Fe oe 
y, + EO ) Goa Har, } 





( 
ms {( 522) P' (t — 4/1)? H (« — yfV,) 
( 


...(54) 
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Z (a, 3) — AP! My (+ — nfV) H(z — a]V.)-+ (My + My P’ 


yT oa’ 


M, P’ 
F) (= — 9]V.)) H(x — nIV,)} 8," — {P! M, 





(t— y/Vi) H (« — niV,) + (M, QO’ + M, P’ - mie ) 

















(= — y]V,)? A (x — alV,)} 7,7] chiS5) 
soso = AAI ht eae o2582) 
«+ ( BAPE) oe - pry Hee — 61) | 
-..(56) 
Vin d= SPELL LEE) p @ — ) HG aM) 
(255 Jer ate } 
x(t — Vi)? H(t — nV.) } e7” 
—{(EL) Poa Hea + {A 
+ PEt) pe eho} ary a e—alrah eo] 
Os 


4. TuHeRMAL SHOCK AT THE BOUNDARY 


The thermal shock 9 (0, t) = @ H (t) also produces disturbances in the elastic 
medium in the presence of magnetic field. In this case the boundary conditions are 
given by 


E, = E$ atx = x'=0 


Of 4 Ty — Tere O.at x= x= 0 
6 (0,1) = 6 H(t) atx = x'=0 


... (58) 


The transformed potential function o, temperature Z, induced magentic field ne. 
and displacement U, are obtianed as 
— ao (1 a's) [(98 + BiBuds) e721” — (58 + Bi Be Ar) e Aa 
$ (n Lies ST. (Ai — A;) [Bi Bes? + Bs (A, + Ay) + B, Pe Aa Ao] 
for y > 0 ...(59) 
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9 (Ai —s*) (Bs + 8 BoAz) e74,"—(Ag — 5”) (Bs+ BiB A1) e~4,"] 





Z Os STo (Ai. —A,) [88.57 + Bs (Ar + As) + By Bo AiA2] 

for» > 0 ...(60) 
Feito hice Oo (Ul + u's) Be eee 
hg (n', s) = SAC Bsn A) Eee fory' >O ...(61) 


Ome (1 + @’s) [Ac (Bs + BiB2A1) e7A2" — As (BS + BiBe2A2) e717] 
ots Tos (A, — Az) [8, Bz 5? + Bs (Ay + Az) + B, Bs Ax Ag] 


for y > 0. .-.(62) 


Inverting the Laplace transform for small times, eqns. (59), (60), (61), and (62) provide 


us 


where 


and 


son 9) = \e* (s — nV,) H(e — IV.) + OF (e — IV 
xX H(+ —r]/V,)} e- 219 —{P* (« — »/V.) H(z — /V2) 
+ Q* (x — nfV,)" H(s — n/Vo)} ey") (63) 


Z (nj 2) = ge LCP’ N, H(e — 2/¥,) + (Ms O' + NaP’) (4 — IM) 

H (x— »[V;)} e-%" — {P’ Ni H (+ — 2/Vs) + (Ni Q" 

+ Ni P’) (2 — mV.) H (+ — IV} e-8,"] (64) 
hE (n', 2) = POP fw’ P(x — Bn’) + (P + Qu!) H(s — Bn')] ...(65) 
Uns) = FM, H(t — 9IV_) + My (x2 ]V,) H (e—fV)} 


~— {My H(« — Vi) + Mz (+—-2/V,) H (+ —x]V;)} e-2,7] 
...(66) 


Prien RP? (B, B, a’ + a’ BV 2)[V2, a a [P’ (BV, six B, Bo Bz Vo + B, B.)/V.] 
+ Q' (B, Bex’ + «’ B V,)|V., 


P*" = P'(Bi Bs «’ + a’ BV,)V,, OF = [P’ (BV + 8B, B B, V; 
+ Bi B.)/V;] + Q' (B, By w’ + « BV,)/Vy 
N, = [8 V2 + Bi Bs (1 — Vi)IVE Vo, N, = [2 Bi (8 Ve + B: B,)/V, Vo] 
+ (1 — Vi) B, B, B/VE Vz 
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é 


1 = (BV, + BB, (1 — VeyV, Vi, Ny = (2B: (BV, + 8,8,)/V, Ve] 
+ (1 — Vz) 8, B, BVV? 
M, =8B«' P’V,, M, =([8(P’ + «' Q’)/V,] + «' P’ (8: B. B, V, 
+ Bi 82 ViV28.8.V2)/V, Ve 
My = 8a P'V,, M, = [B(P’ + «' Q’)IV,] + «' P'(Bi B. B, Ve 


+ 8, B,V,V. + B, Be By Vi)/V, Ve. 


The stresses in the vacuum and the elastic medium can be easily obtained by 
using various expressions in eqns. (6) and (7). 


5. DisCUSSION OF THE RESULTS 


The short time solutions above show that they consist of three waves, i.e., the 
elastic wave, thermal wave, and Alfven-acoustic wave travelling with velocities V;, Vo, 
and c, respectively. The terms containing H (+ — y/V,) represent the contribution of 
the elastic wave in vicinity of its wavefront (1 = V, t), the terms with H (+ — y/V2) 
represent the contribution of the thermal wave in the vicinity of its wavefront (qj == Vi 
t), and those with H (+ — 8y') represent the contribution of the Alfven acoustic wave 
in the vicinity of its wavefront (” = 7/8). The displacement and temperature are 
found to be continuous at the wave fronts and the perturbed magnetic is discontinuous 
in case of normal load. The discontinuty is given by 


[ A*— ne | = 2B (1 + Vi Ye) PIM, Vay To 
1 =? 


In case of thermal shock the deformation, temperature, and the perturbed mag- 
netic field are all found to be discontinuous and the jumps at the wave-fronts are given 


by 


[pa] = — 0 My exp (— B,V, *)/To, 


NmViF 


[U+ —U-} = Oo M; exp (— BV; +)/To, 


NoVoOF 


[Z+ — Z-]nevir = Oo Mi P’ exp (— B,V, *)/To 


[ZZ] = -0,N) P' exp (—8, V, +)/To 


n-Vor 


pee Bale = 0) Be (P + Q«')/To. 
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Clearly the discontinuities in deformation and temperature decay exponentially with 


time. In case of conventional coupled theory of thermoelasticity « = «* = 0 and 
hence 


K,=1+6e, K, = 1, V,=1,Vv3: > coo, F=1,B = €/2 


B, > ee, D, = ¢ (4 — 0/8, D, + oo, 


It is observed that the perturbed magnetic field experiences finite and infinite 
jumps in case of normal load and thermal shock, respectively. In case of normal load 
the displacement and temperature are found to be continuous at both the wave fronts 


whereas in case of thermal shock these quantities are continuous at the thermal wave 
front but experience finite jumps at the elastic wave fronts. 
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Creep stresses for a thick isotropic spherical shell under internal pressure and 
steady state of temperature have been derived. Results are depicted graphi- 
cally. It is seen that shells made of incompressible material require higher 
pressure to yield as compared to shells made of compressible material. For 
no thermal effects, the results are the same as given by Hulsurkar? and Bailey’. 


1. INTRODUCTION 


The problem of elastic-plastic and creep of spherical shells under internal pressure 
have been discussed by Bailey® and the effects of steady state of temperature on the 
above problem has been discussed by Derrington and Johnson®. These authors have 
analysed the problem after making some simplifying assumptions, like infinitesimal 
deformation and incompressibility of the material. Additionally, these works are based 
on the use of a yield condition and creep strain laws. Seth®”® transition theory does 
not require these assumptions. It introduces the concept of generalized strain measures 
and then finds a solution of governing differential equations near the transition points. 
It has been shown by Hulsurkar?, Seth’*’*, Gupta and Dharmani‘~*® that the asymp- 
totic solution through the principal stress-difference gives the creep stresses. Seth*’!° 
has defined the generalized principal strain measure as, 


A 
“ft 


| : 1 
ae | E 204 rena e1 = ak = (12ers) a) raha 


0 


where n is the measure and e* , is the principal Almansi strain components. In cartesian 
framework we can rapidly write down the generalized measure in terms of any other 


measure. In terms of the principal Almansi strain components en ,» the generalized 


; M 
principal strain components e,, are, 


= EF =(i — 2e%, )*?} ih. 2) 
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For uniaxial case it is given by 


at [if Ba (+) | (1-3) 


where m is the irreversibility index and /, and / are the initial and strained lengths re- 
spectively. 


In this paper, creep stresses for a thick isotropic spherical shell under internal 
pressure and steady state of temperature have been derived by using the concept of 
generalized strain measures and asymptotic solution through the principal stress-dif- 
ference. 


2. GOVERNING EQUATIONS 


Consider a spherical shell of internal and external radii a and b respectively, sub- 
jected to uniform internal pressure p and a steady state of temperature @ applied on 
the internal surface of the shell. Due to spherical symmetry of the structure, the com- 
ponents of displacements in spherical co-ordinates (r, ¢, z) are given by Seth®, 


u=r(l aa B), v= 0, w=0 pal zeh) 
where 6 is a function of r = (x? + y2 + z*)'/? only, 


The generalized components of strain from equation (1.2) are 
I nym 
err = nm [1 ae (rB = 9 B) ] 


I 
e¢6 = ——[1 — p]" = -e,, 


nm 
erg = Cg: = €;, = 0 PE 4 
where 
dp 
Ne aml eed tal 
dr ° 


The thermo-elastic stress-strain relation for isotropic materials are given by 
Parkus” and Fung” as 


ty = ABT, + wer, — E63), (i, 7 = 1, 2, 3) --.(2.3) 


where A and yw are the Lame’s constant and & = « (3A + 2n), « being the coefficient 


of thermal expansion, while ¢ denotes the steady state temperature. Further @ has to 
satisfy 


va = 0. so.( 2:4) 


Using eqn. (2.2) in eqn. (2.3), we get 
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_ (A+2n) : psa aeet ope 
Toy See be (7B “+ B)*}* + ae eo eigen. ~ 6 





= — EA es : nym 2(A + ») = Ann) 
tog = ter = [1 — (B+ By + [1 — pry — bo 
trg = ter = Ts = 0. senha) 
The equation of equilibrium are all satisfied except 
d (<r) ae & (t,r = $$) Beri) (2.0) 
dr r 


The temperture field satisfyin eqn. (2.4) and 


6=—6,atr=a 





6=O0-atr = b milanl) 

where 6, is a constant, is given by 
e A a baa PA 
say eas (2.8) 


Using eqns. (2.5) and (2.8) in eqn. (2.6), we have a non-linear differential equa- 
tion in f, as 


P(P +1 BSE — er (P + yt + PP + I — Bo 


Tee AW ad ta ee I ol oe ie 





c& 6,n™ i 2c Pac me — (1 — Bye 
2 ee ae Oe {1 — pr (P+ 1%} (1 6°} ] 
ety Se PAD 
where 
2 = 69 ab 
rp’ = pB,c = 55 and 6 = — (5a) ° 


For m = 1, which holds good for secondary stage of creep®, eqn. (2.9) reduces to 


2c cE dB 
[we + Bye +i +2P—8)— + —guepe | oP 


10 
af: BP (P au 1)*-3 = O. alte ] ) 


j = — + co. Th 
The transition points of B in eqn. (2.9) are P > 0, P 1 and P E te 
only critical point of interest is P—>-—landP-> a oo. The case of transition p 
P > + © is discussed by Gupta and Rana’ which gives the plastic stresecs. 
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The boundary conditions are 
trr = — patr=a 
= Q0Oatr= b, hata 


3. Asymptotic SOLUTION THROUGH P > — 1 


For creep stresses, we define the transition function R, through the principal 
stress-difference (see Seth'*, Hulsurkar', Gupta and Dharmani*~*) as 


Ras, — soe AL pete — aie]... 
Taking logarithmic differentiation of equation (3.1), with respect to B, we get 


(CL pry" — UL— BP -F 1") eee Be 3] 
log R, = mngp"™ ne 


' iL % (Peel) " tien aaa 
dP 43:2) 
Substituting the value of - ap —,-from eqn. (2.9) in eqn. (3.2), we have 
nim-) n\m— c& 0. n™ — ie 
[{1—B}""? +2(1—c){1 —Br}r-3 + Daren mnB"P 
qe See {1 — B" (P + 1)")™ — (1 — B)")] 
apne tomar [le (P+ yy — 1 — BP 
The asymptotic value of eqn. (3.3), as P > — 1, is 
d log Ri — /mnB-) (3 — 2c) (1 — ot a c & @yn™ 
dp Ae ee pa ~ 2urB{I—(—B*)"y__ 
2c 
= B: <nalact) 


Integration of eqn. (3.4) gives 
Ri = Ay r-** [1 — (1 — B)™]3-2e exp (/7) Bad fF) 
where A, is a constant of integration and 
f= cE \aq tee 
2h Jr {l— (0 —B%)"} 


The asymptotic value of Bas P > — } is D/r, D being a constant, therefore eqn. 
(3.5) becomes, 


R, = trr — tgp = Ag r-* [1 — (l= DS Fah ern a -+-(3.6) 
Using eqn. (3.6) in eqn (2.6), and integrating, we get 
tere 2A, | eet 1 ee r—")"}*-*e exp (f;), 6dr + A, ‘are 
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where 4; is a constant of integration. 
Using boundary conditions (2.1 1) in eqn. (3.7), we have 


A, = [2A, J r-8-1 {1 — (1 — Dt pnn)ms-20, exp (f, ) dr] re 
and 





b 
2 f r-*-2 (1 — (1 — D™ r-nymys-8e, exp (f,) dr 


Substituting the value of A, and A, in equations (3.6) and (3.7), we get 


6 
J r-[1—(1—Devnymps-"e, exp (f,) dr 


eg SP 


6 
Pe ei Dress te exp ( fi) dr 





Pee ee Dre. exp (/,) 


Teg = Taz = Trr + 


2 f p72e7 [1 et (1 2a) | pe, pnymps—2e, exp (fi) dr 





eA) 


Equation (3.7) corresponds to only one stage of creep. If all the three stages of 
creep are to be taken into account, we shall add the incremental values!’!* +4 of 
trr — Ttgg. Thus from eqn. (3.7), we have 

Pees At Tin ilees (le Dare)" E>", exp € fa) (3.9) 
where m, n having three different sets of values each corresponding to one stage of 
creep and the transitional creep stresses are given by 


6 
f r-*-3 TT [1 —(1 — D* r-™)*]*-*¢. exp (/;) dr 
a =P. a ae 


b 
ere ee eee DY rel he expC f;) ar 





popes nit. t = (bb 5 *)")-**. exp Cy,) ar 





og = T20 = trr + 


b 
f r-se-3 TY it (1 — Dn r-")™)3-2¢ exp (f,) dr 


...(3.10) 
where 
c EB 7 2 
Si = my Pe ll r* [1 = (1 na Dry 


m,n 
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4. SHELL UNDER STEADY STATE OF CREEP 
Transitional creep stresses for secondary state of creep are obtained by putting 
m = | inegn. (3.8) as 
6 
f pa 3n gc(n—1)-1 exp (fi) dr 
Trr = — Pp i 


6 
fig te telnalrexn.( 4) ar 


p-3nt2c(n—1)—1 ex 
$6 = Tes = Ter p ph) 


6 
92 J p-3nte(n =) ps exp CA dr 
a (4.1) 


where 


= a E (3 — 2c) 6) r™ 
: y(n — 1) D* 





z is the coefficient of thermal expansion, E the Young’s modulus and ythe yield in 
tension. 


It is found that the value | trr — tgg | is maximum at r = a, therefore yielding 
of the shell starts at the internal surface and eqn. (4.1) reduces to 


' q-3nt2e(n—1) ex 
| tr — tee |= - E p(s) =); Pres (| 


b 
ofa rate lee) Aero  ee 





where y, is the yield stress and 
is aE (3 — 2c) @ a"? 
; y(n—1)D" ° 


For incompressible material i.e. (c -> 0) [see Seth equations (4.1) and (4.2) 
reduce to 


6 
J p82? Ox Cfs) oF 


Trr = — P— 


Jr-%-1, exp (f) dr 
. ...(4.3) 


pros. exp .¢7;) 


T$p = Tee = Tre - + _ 


2 f r-30, exp (/;) dr 
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and 
oe —_ba™ exp (fi) 
2 rae exp(/,) ar 
where 
iio 3a E @0 a"! 
1 y(n — 1) D®* 


As a particular case, transitional creep stresses for a spherical shell under internal pres- 
sure Only are obtained by putting 6) = 0 in 


equations (4.1) and (4.2) as 
[bir gece 1) 


rr = — Pp [layne (n- yay 
ptt elaveaecy = 2 tc) (O[ryee eo 1] 


ug > Sa [ (bJa) etn Tae 1) » (4.4) 


These expressions are the same as obtained by Hulsukar'. For incompressible 
material, i. e.c — 0, equations (4.4) become 


—— C=0 (INCOMRESSIBLE MATERIAL 
---- C=.25 
---C=75 


Q=50°F 





Fig. 1. Yielding ratio Y;/p for various shell thickness ratios at different temperature for n=2. 
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— C=0 INCOMPRESSIBLE MATERIAL 





~--=-- C=.25 
a= Get ° 
Q=100°F 
° ‘ 
Q=50 F ae 
=p 30 
2.0 30 4O 10 20 30 40 
= b 
ob 


FiG. 2. Yielding ratio Y,/p for various shell thickness ratios at different temperature for n=3. 


_ = pllbiry - 1) 
= “Teja —1] 


PL (3n — 2) (bjr) * + A) (4.5) 
[(bJa)*" — 1} 


596 rk 
These expressions are the same as given by Bailey? provided we put 7 = 1/S. 


5. NUMERICAL ILLUSTRATION 


To show the effect of combined pressure and temperature on a shell, this pro- 
blem has been solved by using Simpson’s rule for integration in eqns. (4.1), (4.2) and 


(4.3). For mild steel we take in various values as!®, 
y = 3 x 10‘ Ib/in’, E = 3 x 107 Ibfin? and « = 7.5 x 10-® per® F, 


In Figs. 1 2, curves have been drawn between 
thickness ratios for n = 


seen that yielding of the 


yield y,/p and different shell 
2 and 3 respectively. When heating effects are absent, it is 


thinner as well as thicker shells occurs generally atthe same 


pressure, but with increasing temperature a thinner shell yields at higher pressure as 
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—— C=0 INCOMPRESSIBLE 
MATERIAL 


a 


aed 
_-_ 
= 


| i 
1 ff 
if Ter 
-weé P 


Fic. 3. Distribution of creep stresses due to temperature and pressure through wall of the shell 
for n=2. 


compared to thicker shell. This yielding pressure goes on increasing with the increase 
in temperature and measure n. Shells made of incompressible materia) require higher 
pressure to yield as compared to shells made of compressible material. In Figs. 3 and 
4 curves for radical and circumferential stresses have been drawn to show the combined 
effects of pressure and temperature for measure n = 2 and n = 3 respectively with re- 
spect to the ratio r/a. It has been found that the circumferential stress at the internal 
surface is higher for incompressible material than for compressible materials while at 
the outer surface the opposite situation occurs. 
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